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CHAPTER 1 
 
 
I N T R O D U C T I O N 
 
 
Historical  Review 
 
1.1 Statistics and Mathematics. Statistics and Mathematics are very 
intimately  related . Recent advancements in Statistical Techniques are the 
out come of  advance Mathematics. Statistics may be regarded as the 
branch of Mathematics which provided us with systematic methods of 
analyzing a large number of related numerical facts. According   to  Connor  
“ Statistics is a branch of  Applied Mathematics which  specializes in data “.  
          The word ‘Statistics ‘ derived from the Latin word  ‘Status’ meaning 
a state , word Statistics  meaning a person  well-versed in state matters. In 
this sense  this word is found  used in the Seventeenth Century in the 
writing of Shakespeare and Milton . It is impossible to over emphasise the 
importance  of  Statistics in modern times . In fact modern age is the age 
of  Statistics , and all branches of human  knowledge make extensive use 
of statistical methods . A part of statistical methodology  is devoted to  
collection , condensation , presentation and analysis of observation  on a 
variable.     
        In India  an efficient  system of collecting official and administrative  
statistics existed  even more than  2,000 years ago, in particular during the  
reign of Chandra Gupta Maurya( 324-300 B.C.). During  Akbar reign (1556-
1605 A.D. ) ,Raja Trodarmal , the then lend and revenue minister , 
maintained good records of land and Agricultural Statistics . It was  as 
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early as  3050 B.C. that statistical investigations were  under taken in  
Egypt  regarding its population  and wealth in connection with the 
construction of  the famous  Pyramids . ‘Indika’ and ‘Anabasis’ two works of  
Arrian who came to India  with Alexander  the great  as well as  the 
writings of  Megasthness speak  of  the minute  statistical collection at that 
time  in India. In China to a detailed  statistical description of the provinces  
was compiled  in  1200 B. C. 
        Seventeenth century  was the origin of the ‘ Vital Statistics’. Captain 
John  Grant of London (1620-1674) , was the first man to study the 
statistics of  births and deaths . The theoretical development of modern 
statistics  came during the mid-seventeenth century . The French 
Mathematician Pascal (1623-1662) .His study of the problem laid the 
foundation of the theory of probability  which is the back bone of the  
modern theory of statistics.  
   Other notable contributors in this fields are James Bernouli (1654-1705 ), 
De-Moivre ( 1667-1754 ) , Laplace (1749- 1827) ,Karl Pearson ( 1857-
1936) , are some  pioneers in the field of statistics. 
1.2 Design of Experiment . The modern concepts of experimental 
designs are preliminary due to Sir R. A. Fisher (1919-30) , who formulated 
and developed the  basic ideas of  statistical designing. Among the 
principles of Design of Experiments discussed by Fisher are  those of 
randomization , replication and local control  or blocking . The concept of 
blocking in statistically planned experiments has its origin in the  
agricultural field experiments , conducted at  the  Rothamasted 
Experimental  Station during the tenure of  Fisher as  the  Chief  
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Statistician . He included  that a  completely random allocation  of 
treatments over the experimental units would eliminate the bias in 
assessing treatment differences due to systematic variations . Fisher 
observed that  it was possible to increase  the  sensitivity of the experiment 
by first grouping the experimental units,  that is plots in agricultural 
experiments, so that the plots within a block were more or less 
homogeneous and then applying treatments randomly to plots within a 
block . This concept led to the birth of  randomized complete block designs 
or in other words block designs in general.   
     Block design is a design that is capable of eliminating the heterogeneity  
( in the experimental material) in one direction . Randomized complete 
block designs require that the common block size be equal to the number 
of  treatment to be studied . This restriction  initially did not create  much 
problem  for agricultural  experiments . 
              In many area of research however the choice of block size is 
limited and it is not always possible to find blocks of relatively 
homogeneous  units of right size . Such situation is quite possible  in 
experiments with animals , taste-testing experiments, bio-assays and many 
industrial experiments. These situation  led to the study of Incomplete 
Block Design .   
           A large number of  important  contributions have been made in the 
area of block designs. These designs have  immense  applications  in 
almost all areas of scientific  investigation .The work done  in the area of  
Theory of Block Designs by some renowned scientist in the India are  
Mahalonobies (1944,46) ,Das   ( 1954) , Giri   ( 1963) ,Bose  (1939 ), 
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Bhattacharya (1945) , Chakrabarty (1963) , Rao (1947) , Dey (1977), 
Federer  ( 1955) ,  Nair (1944) ,  Cochran  and  Cox ( 1967) ,  Bose, et. al.  
( 1953,54,55) , Agrawal   (1965) , Kshirsagar   (1958) , Kulshreshtha  Dey  
and  Saha  (1972),etc.   
 1.3  Balanced Incomplete Block Designs . 
         In many area of research   the choice of block size is limited and it is 
not always possible to find blocks of relatively homogeneous  units of right 
size . Such situation is quite possible  in experiments with animals , taste-
testing experiments, agricultural experiment and many industrial 
experiments. These situation  led to the study of Incomplete Block Design .   
            The history of  Balanced Incomplete Block (BIB ) designs , probably 
dates back to the 19th  century . The solution of the famous Kirkman’s 
school girl problem (Kirkman,1847) has one-one correspondence  with the 
solution of  a BIB design . Steiner , in 1853 proposed the problem of  
arranging  n objects  in triplets  such that every pair of objects appears in 
precisely one triplete .  Such an arrangement is called a  Steiner’s triple 
system and is,in fact , a BIB design.  
          When the number of  all pairs  of treatments in a design is the same 
provided v treatments are arranged in b blocks each of size k (k<v) , each 
treatments replicated r times , and a pair of treatment occur λ times this 
design is known as  Balanced Incomplete Block Design  , and such designs 
are  binary and connected  block design . The important of  Balanced 
Incomplete Block Designs in statistical design of experiments for varietal  
trials was realized only in 1936 when Yates (1936) discussed these designs 
in the context of  biological experiments .  
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           The constructional  problems of BIB designs were solved by  the 
joint efforts of  Fisher(1940) ,Yates (1936) and Bose (1939) . Bose (1939) 
concentrated more on the methods and properties of  the balanced 
incomplete block designs. Several other Scientist have done work on the 
BIB design , viz, Calvin,   ( 1954) , Hanani  (1961), Parker  (1963) Agrawal  
(1965), Mann  (1969), Kagayama  (1971) , Kishen   and Rao  (1952) , 
Shrikhande  and Raghavarao  (1963) ,  Alltop  (1966) , Clatworthy  (1968), 
Collens  (1973), John,   (1966) , Clatworthy  and  Lewyckyj  (1968) , Mills  
(1979) Rao  (1970),Takeuchi  (1962,63) , etc.  
  Applications of BIB  designs  in Sampling Theory was discussed by 
Chackrabarti  (1963) ,  Giri (1965),  Avdhani  and Sukhatme  (1973), 
Wynn(1977 ) . Ghosh, et.al. (1999,2001 ) , Raghavarao  and Federer 
(1979) and  Foody and Hedayat (1976),discuss the construction and 
application of the BIB designs with repeated blocks .  
             The problem of construction  of BIB design  with repeated blocks  
studied systematically by Foody and   Hedayat (1976) , Raghavarao,et.al.  
(1986), Van Lint  and Ryser  (1972) , Van Lint  ( 1973) , Ho  and 
Mendelsohn,   (1974), etc.  
                In the present investigation , we have studied the problem of  
BIB designs with repeated blocks ,numbers of BIB designs and PBIB 
designs with repeated blocks using various method of constructions are 
discussed . 
1.4 Balanced Incomplete Block Design with Repeated Blocks 
derived from Two Balanced Incomplete Block Design.  
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         The important of  Balanced Incomplete Block Design in statistical 
design of experiments for varietal  trials was realized only in 1936 when 
Yates (1936) discussed these designs in the context of Biological and 
Agricultural experiments .  The construction of  balanced incomplete block 
design and its properties were discussed by  Bose ( 1939) .  
            Several authors discussed various properties .  The statistical 
optimality of balanced incomplete block design is unaffected by the 
presence of  repeated blocks . 
         Consider a  balanced incomplete block design  with parameters  : v , 
b , r , k and λ . Let the support  block of  balanced incomplete block 
design  is the set of  its distinct  blocks  and denote the  cardinality  of 
support  block by  b* . The question of whether , for a given  v, b and k,  
there exist a balanced incomplete block design with repeated blocks, is 
interesting among the  researchers in the area of  experimental design .As  
Van Lint (1973) has pointed out that many of the balanced incomplete 
block design constructed by Hanani (1961) have repeated blocks . Parker 
(1963) and  Seiden (1963) proved that there  is no balanced incomplete 
block design  with repeated blocks  with  parameters :                   
       v= 2x+2,b= 4x+2 and k= x+1 . Parker (1963) and Seiden (1963) 
settled the case for  general x not only for odd x .  
     Stanton and  Sprott ( 1964) showed  that if  s blocks  of  a  balanced 
incomplete block design  are identical ,then  bv ≥ sv – (s-2) . Mann (1969) 
sharpened this result and showed that  b ≥ sv . Note that the result of 
Parker (1963) and  Seiden (1963) follows immediately from either of the 
inequalities . Ho and Mendelsohn  (1974)  gave the generalization  of the 
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Mann   (1969 ) for  t-design . More recently Van Lint and Ryser (1972) and 
Van Lint (1973-74)  thoroughly  studied  the problem of  construction of  
balanced incomplete block design  with repeated blocks . Their basic 
interest  was in constructing a  BIB design  with repeated blocks  with 
parameters  v, b, r, k and λ , such that b,r and λ are relatively prime . 
Wynn (1977) constructed a BIB design  with parameters : v=8 , b=56 , k 
=3 and b* = 24 and then discussed an application of such designs in  
sampling . 
             From  the point of view of applications  it is desirable to have 
techniques  of  constructing  BIB design with various support sizes  for a 
given v and k . Here we have studied the problem of  BIB designs with 
repeated blocks from both construction and application point of view .  
             In the present investigation , some method of construction of  
BIB design with repeated blocks  have been developed  by combining the 
two balanced incomplete block design  having same parameters. Some of  
balanced incomplete block design  with repeated blocks are also 
constructed by obtaining block section and block intersection of the  BIB 
design .Some more balanced incomplete block design  with repeated 
blocks are also developed by trial and error method.   
             In Section  2.2  , terminologies used and   various definitions  like 
Support ,  Support size , Identical blocks and BIBD with repeated blocks  
are given , and explained by discussing an example of  BIBD with repeated 
block . 
  Section 2.2.4. ,some preliminary results on BIB design  with repeated 
blocks are discussed. In Section  2.3 , a method of  construction of  a BIB 
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design with repeated blocks using  mutually orthogonal latin square , 
which is also 1-resolvable BIB design of the series v=s2  , b = s
2 + s , r  = s 
+ 1 , k = s and  λ = 1 is discussed . Some examples are also discussed to  
understand this method . In section  2.4 , a method of  constructing a BIB 
design with repeated blocks using  a series v = s2  , b = s
2 + s , r  = s + 1 , 
k = s and  λ = 1, which is derived by taking block section of the design of 
the  series v = b = s2 + s + 1 , r = k = s2 + s  and  λ  =1 .  Section  2.5 , 
a method of constructing a  BIB design with repeated blocks  using a 
series  of  Steiner’s Triple system  S11 is discussed. In section 2.6  , a 
method of constructing a  BIB design with repeated blocks  using a series  
of  Steiner’s Triple system  S12 is discussed. In  Section  2.7  , a method of 
constructing a  BIB design with repeated blocks  using a series   v, b = 2r , 
r = v-1 , k  and λ   is discussed. In  section  2.8  , a method of 
constructing a  BIB design with repeated blocks  by using the block section 
of  another BIB design using a series  v = 4t - 1 = b  , r  = 2t - 1 = k , λ = 
t-1  is discussed. Section 2.9  , a method of constructing a  BIB design 
with repeated blocks  by using the block  intersection of   BIB design of 
the  series  v = 4t - 1 = b  , r  = 2t - 1 = k , λ = t-1  is discussed. In  
section  2.10  , a method of constructing a  BIB design with repeated 
blocks  by using the BIB design of the  series  v = 2t , b= 4t - 2  , r  = 2t - 
1 , k = t , λ = t-1  is discussed.  Section 2.11 ,a method of constructing a  
BIB design with repeated blocks  by using  two-fold triple system. Some 
more method of constructing a BIB design is discussed in section 2.12 . A  
list of parameters of   BIB design with Repeated Blocks is shown in  
Appendix-I . 
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1.5  Singular Group Divisible Design with repeated blocks using  
Balanced Incomplete Block Design .   
       Balanced Incomplete Block Design was introduced by Yates (1936) for 
the Agricultural  Experiment. Later construction of  Balanced Incomplete 
Block Design and its properties were developed by Bose(1936). 
Consequently several author discussed various  properties of Balanced 
Incomplete Block Design. The drawback of the BIB design is that,   it is not 
available for all possible number of treatments because of its parametric 
relations. 
                To overcome such problem Yates (1936) introduced another 
class of design which he  called Lattice design . Lattice design is available 
for all possible number of treatments , however the treatments must be 
either perfect square  or  cubic .These type of Incomplete Block Design 
could not satisfy the requirement of  Agricultural Experiment . Hence  Bose  
and  Nair(1939) introduced another class of design which he called Partially 
Balanced Incomplete Block Design. The advantage of PBIB design is that it 
is available for all most all number of treatments and having smaller 
number of replications. Several author developed the method of 
construction and properties of  PBIB design . Again Bose and  Shimamoto 
(1952) classified PBIB design   of two associate classes in to  five 
categories.  
                   Among the five ,  simplest and  important class of  Partially 
Balanced Incomplete Block design is Group Divisible Design . A group 
divisible design is  a two associate  class of   Partially Balanced Incomplete 
Block Design  for which the treatment is divided into  m  groups of  n  
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distinct treatments each  such that any two treatment that belong  to the 
same group are called first associates and two treatments that belong  to 
the different groups are second associates. The association scheme can be  
exhibited by replacing the treatments  in an  n x m rectangle ,where the 
columns form the groups.Further  Bose  and Connor ( 1952 ) classified  
Group Divisible design in to  three different design based on its  
characteristic properties .  
        We know from Bose and Connor  (1952 ) that the existence of  a 
Balanced Incomplete Block Design  implies the existence of Singular Group 
Divisible Design.  Considering this fact, we have developed the Singular 
Group Divisible Design  with repeated blocks  from the Balanced 
Incomplete Block Design with repeated blocks  ( discussed in Chapter 2). 
We denote it by Singular Group Divisible Design with Repeated Blocks and 
is discussed in Chapter III. 
                   We have further seen  that  the Singular Group Divisible  
Designs discussed here are having the same parameters as discussed in 
Clatworthy (1973). Nevertheless the  Singular Group Divisible designs 
observed here gives the isomorphic  solutions to the solutions listed in 
Clatworthy (1973).Hence it can be consider as the  New solutions of  
Singular Group Divisible Designs. To check the isomorphism of the new 
solutions with existing one , the triplets of all the blocks containing the 
treatments are prepared and frequency of number of triplets  repeated in 
the design is computed and its frequency distribution is observed with that 
of existing designs  frequency distribution of triplets .  
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                  In sections 3.2 , the method of construction of  SGD designs  
with repeated blocks using the BIB designs with repeated blocks are 
discussed. A large number of  SGD designs with repeated blocks are 
obtained  using different methods  based on the construction of  BIB 
design with repeated blocks  discussed in Chapter-2 .The  Table showing 
the list of parameters of SGD designs with Repeated Blocks in this chapter 
is given in the Appendix-II .  
       A computer  program of C- language is given to work out  a  SGD 
design as data base file, generate the triplets of an SGD designs , compute 
the number of triplets repeated for a particular frequency of times and 
prepared its frequency distribution , also this program will generate the 
complementary design and repeat the above program to generate its 
frequency distribution of  triplets and is shown in Appendix-III[a]and 
Appendix-III[b] respectively.  
1.6  Comparison between  Balanced  Incomplete  Block Design   
with Repeated Blocks and usual  Balanced Incomplete Block 
Designs. 
       In general a usual BIB design comprises of  b= ( vc k )  possible 
distinct blocks. In this investigation an attempt has been made to study the 
construction of some more BIB design with repeated blocks and the 
properties from which  the usual BIB design can be distinguished with BIB 
designs with repeated blocks. To do so an additional parameter, say, d is 
included  with the usual parameters  of BIB design v,b,r,k and  λ  where d 
denotes the number of distinct blocks present in the BIB  design with 
repeated blocks. For such designs d ≤ min (b, b* ) must holds. Further Σ w j 
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= b , where wj  represents the number of times the j
 th  possible block  
occurs in the design. 
                    The present investigation  carried out  a complete class of 
BIB design β ( 7, 35, 15, 3 , 5 ) where leaving one BIB design  the 
remaining 30  BIB designs with the same parameters are of repeated 
blocks . Further these  31 BIB designs are compared on the basis of  
number of repeated blocks and the frequencies of  variances of block effect 
contrasts . Though the parameters of  the thirty one  BIB designs are the 
same , however some of  them are found to be isomorphic design. 
        In section 4.2 , some preliminary results  due to  Raghavarao  at . el . 
(1986) are discussed . Section 4.3 , contains  the normal equations for the 
block effects for the one of the  member of  class  of  BIB design with 
repeated  blocks of  v  = 7 , k  = 3 , b = 35  .In section 4.4 , the estimates 
of block effects are derived by solving the normal equations . In section 4.5 
all possible variances of  block effect contrasts are estimated and observed 
that a member of class of BIB design with repeated blocks having  d =7  
distinct blocks , two types of variances exist while for all distinct blocks,  
that is , d = 35 ,three types of variances exist .And for remaining all other 
members of class , four types of variances exist .Section 4.6 , the 
multiplicities of variance of estimated contrasts of  block effects  are  
derived . Section 4.7 , a comparison among the member of a class of β (7, 
35,15 , 3,5) is made on the basis of the  multiplicities of variances of block 
effect contrasts. In Table 4.1,  the value of  Wj , that is, the frequency of 
distinct blocks for all possible member of the class v =7 , b = 35 , r =15 , k 
=3, λ = 5 , and the number of distinct  block  d  are given .While in Table  
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4.2 , the multiplicities of variances of the  estimated elementary contrasts 
of block  effects are given . In  Appendix - IV  , a computer program , to 
prepare the  N'N matrix and the multiplicities of  block contrasts are given . 
1.7 Construction of  Group Divisible Designs  
            Incomplete block designs have become highly developed  as 
statistical tools for the planning , analysis ,and interpretation of scientific  
experimentation  conducted in laboratories  and  test    installations  where 
a high degree of experimental  control is desirable . Historically  the 
statistical use of such designs  began with the  balanced  incomplete block 
designs introduced by Yates (1936) and developed by Fisher and Yates 
(1938)  , Bose  (1939) , extensively tabled in  Fisher and Yates  (1963) and 
Cochran and Cox (1957) along with the lattice designs of Yates ( 1936,40). 
All of which were developed for  use in agricultural  and biological 
experiments .Bose and Nair (1939) developed and introduced a general 
class of  Incomplete Block Designs which they called  Partially Balanced 
Incomplete Block Designs . 
          In the United States and England during the  period of  World 
War II, a   strong interest was developed  in industry and Government  to 
adapt the developments in probability and small sample theory to the 
control of  quality of production .It was  extended  after  the war  to the  
introduction of  statistical procedures to the experimental problems  of the 
physical and engineering sciences . This effort  has been particularly 
significant  in the vast  and expensive  investigative  activity associated 
with atomic power and aerospace developments .  
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 Today there is intense  interest in  current  developments in 
probability and statistics  for possible application to  research and 
development  in all branches of science , engineering , health and medical 
research, business, and in fact, in any area where decisions need to be 
made on the  basis of incomplete information . Thus the Incomplete Block 
Designs have potential for application to many fields of investigation.   
 In  1952   Bose and Shrikhande, Connor , Shimamoto, Clatworthy  at 
the University of  North Carolina, Chappel Hills , had sufficiently extended 
and developed the Partially Balanced Incomplete Block Designs with two 
associate class.  
Bose and Shimamoto (1952) have developed the concept of  association 
schemes, on which the classification of  PBIB designs  is based . Bose, 
Clatworthy and  and Shrikhande (1954) made the table of  Partially 
Balanced Incomplete Block Designs with two associate class.  
  In the present investigation , some methods have been 
developed by using Hadamard Matrix, Mutually Orthogonal Latin Square 
and combining two PBIB designs for constructing Cyclic design, and GD 
designs with repeated blocks.  
              However designs obtained here are known, but some of the 
Group divisible designs are having new isomorphic solutions than that of 
listed in Clatworthy (1973). In section 5.2 , Definitions of PBIB design , 
Group Divisible design and various notations and  terminologies used are 
discussed. In section 5.3, alternate method of construction of Group 
Divisible design is discussed. In section 5.4 , method of construction of 
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symmetrical BIB designs is discussed. In section 5.5 , a series of SRGD 
designs  is obtained , using Hadamard Matrix . 
           Section 5.6 , again another series  of  SRGD designs is discussed, 
using  Mutually Orthogonal Latin Square,. In section 5.7, series  of  Cyclic 
designs are obtained, using  Mutually Orthogonal Latin Square ,   
           The  Incomplete Block Designs obtained here are almost known. 
However it is found that  some of the PBIB designs specially group divisible 
designs and  cyclic designs  give New  isomorphic solutions  of the existing  
designs  as shown in Clatworthy ( 1973 ). Hence it may be claimed that  
some of the  PBIB designs obtained in this  Chapter  are claimed  to  be 
the new  isomorphic solutions  of the  PBIB designs as shown in  
Clatworthy (1973) .  A list of  parameters of group divisible designs are 
given in  Appendix V.  
 
 
 
 
 
 
 
                                                    
 
 
                                                     
 
 
                                                          
 
 
Created by Neevia Document Converter trial version http://www.neevia.com
  
 
 
 
 
 
 
Chapter  2 
 
Balanced Incomplete Block Design with Repeated Blocks 
derived by using Balanced Incomplete Block Design 
 
2.1  Introduction  
 
            The important of  Balanced Incomplete Block Design in statistical 
design of experiments for varietal  trials was realized only in 1936 when 
Yates (1936) discussed these designs in the context of  Biological and 
Agricultural experiments .The construction of  balanced incomplete block 
design and its properties were discussed by  Bose ( 1939) . Several authors 
discussed various properties .From the point of view of  application , there 
is no reason  to exclude  the  possibility  that a balanced incomplete block 
design would contain repeated blocks .Really , the statistical optimality of 
balanced incomplete block design is unaffected by the presence of  
repeated blocks . 
              Consider a  balanced incomplete block design  with parameters  : v , 
b , r ,k and λ . Let the support  block of  balanced incomplete block design  
is the set of  its distinct  blocks  and denote the  cardinality of support  
block by  b* . The question of whether , for a given  v, b and k , there exist 
a balanced incomplete block design  repeated blocks , is interesting among 
the  researchers in the area of  experimental design.  As Van Lint (1973) 
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has pointed out that many of the balanced incomplete block design 
constructed by Hanani (1961) have repeated blocks .  
          Parker (1963) and  Seiden (1963) proved that there  is no balanced 
incomplete block design  with repeated blocks  with  parameters :  
   v= 2x+2,b= 4x+2 and k= x+1 . Parker (1963) and Seiden (1963) settled 
the case for  general x not only for odd x . Stanton and  Sprott ( 1964) 
showed  that if  s blocks  of  a  balanced incomplete block design  are 
identical ,then  bv ≥ sv – (s-2) . Mann (1969) sharpened this result and 
showed that  b ≥ sv . Note that the result of Parker (1963) and  Seiden 
(1963) follows immediately from either of the inequalities . Ho and 
Mendelsohn  (1974)  gave the generalization  of the Mann’s (1969 ) for  t-
design . More recently Van Lint and Ryser (1972) and Van Lint (1973-74)  
thoroughly  studied  the problem of  construction of  balanced incomplete 
block design  with repeated blocks . Their basic interest  was in 
constructing a  BIB design  with repeated blocks  with parameters  v, b, r, 
k and λ are relatively prime . Wynn (1977) constructed a BIB design  with 
parameters v=8 , b=56 , k =3 and b* = 24 and then discussed an 
application of such designs in  sampling . 
            From  the point of view of applications  it is desirable to have 
techniques  of  constructing  BIB design with various support sizes  for a 
given v and k . Here we have studied the problem of  BIB designs with 
repeated blocks from both construction and application point of view .  
           In the present investigation , some method of construction of  BIB 
design with repeated blocks  have been developed  by combining the two 
balanced incomplete block design  having same parameters. 
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     Some of  balanced incomplete block design  with repeated 
blocks are also constructed by obtaining block section and block 
intersection of the  BIB design .Some more balanced incomplete block 
design  with repeated blocks are also developed by trial and error method .  
          In Section  2.2  , terminologies used and   various definitions  like 
Support ,  Support size , Identical blocks and BIBD with repeated blocks  
are given , and explained by discussing an example of  BIBD with repeated 
block . In Section 2.2.4. ,some preliminary results on BIB design  with 
repeated blocks are discussed. In Section  2.3 , a method of  construction 
of  a BIB design with repeated blocks  using  mutually orthogonal latin 
square , which is also 1-resolvable BIB design of the series v = s2  , b = s
2 
+ s , r  = s + 1 , k = s and  λ = 1 is discussed . Some examples are also 
discussed to  understand this method . In Section  2.4 , a method of  
constructing a BIB design with repeated blocks using  a series  v = s2  , b = 
s2 + s , r  = s + 1 , k = s and  λ = 1 which is derived by taking block 
section of the design of the  series v = b = s2 + s + 1 , r = k = s2 + s and 
λ  =1.In  Section  2.5  , a method of constructing a  BIB design with 
repeated blocks  using a series  of  Steiner’s Triple system  S11 is discussed. 
In  Section  2.6  , a method of constructing a  BIB design with repeated 
blocks  using a series  of  Steiner’s Triple system  S12 is discussed. In  
Section  2.7  , a method of constructing a  BIB design with repeated blocks  
using a series v, b = 2r , r = v-1 , k  and λ   is discussed. In  Section  2.8  , 
a method of constructing a  BIB design with repeated blocks  by using the 
block section of  another BIB design using a series  v = 4t - 1 = b  , r  = 2t 
- 1 = k , λ = t-1  is discussed. In  Section  2.9  , a method of constructing 
Created by Neevia Document Converter trial version http://www.neevia.com
  
a  BIB design with repeated blocks  by using the block  intersection of    
BIB design of the  series  v = 4t - 1 = b  , r  = 2t - 1 = k , λ = t-1  is 
discussed. In  Section  2.10  , a method of constructing a  BIB design with 
repeated blocks  by using the BIB design of the  series  
       v = 2t , b= 4t -2  , r = 2t - 1 , k = t , λ = t-1  is discussed.  In Section 
2.11 , a method of constructing a  BIB design with repeated blocks  by 
using  two-fold triple system. Some more method of constructing a BIB 
design is discussed in Section 2.12 . A  list of parameters of   BIB design 
with Repeated Blocks is shown in  Appendix-I . 
 Definitions and Notation :  
             Let  V  =  { 1,2,3, …….. v }, set of treatments  and  let  v Σ k  be 
the     set of  all distinct  subsets of size k  based on V  .  
                 b   =   number  of   blocks . 
                 r    =   repeatation of  the treatment in each block . 
                 k   =  size of the block  ( k< v ) . 
                 λ   =  each pair of treatment occurs together  in a blocks. 
                 p*  =  Support of a BIB design ,set of subset of all distinct  
                           blocks. 
                 pj    =  number of  repeated blocks  of j
th type . 
                 s    =   number opf identical blocks.  
                 wj    =  number of frequency of  repeated blocks. 
                 d    =  number of different type of distinct block  . 
                 b*  =  Cardinality  of  support size  of BIB design with repeated         
                           blocks . 
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Let us define  the  Support  of a  balanced incomplete block  design with 
repeated blocks  be the collection of  distinct blocks  in p , it is denoted by 
p*    ∴  p* = pp
'
d
1j
j
+∑
=
 , where p’ is number of non repeated blocks.                                                                               
Here   p
'
 is the set of all number of non repeated blocks, known as  
support size of a  BIB design with repeated blocks. 
       Let us define  the cardinality of blocks of a  BIB design  with repeated 
blocks  as w1 , w2 , w3 , w4 , w5  ……….wd  and w’  . Wherew  , w’ = 1 , is 
the cardinality of  support size of  a BIB design with repeated blocks . 
                   ∴    'w'pwpb j
d
1j
j
+∑=
=
   ,    j =  1 ,2 ,3 ,….p . 
       We  define b* as the total number of  distinct  blocks amongst  





k
v
   
blocks of a BIB design  with repeated blocks  and  is called the cardinality 
of  the support size of a  BIB design with repeated blocks .  
          ∴  b* =  min. ( b , p* )     obviously  ,  b* ≤  b . 
            that ,is ,  if  b* =  b , then the BIB design is non repeated  , and if  
b* < b, the  BIB design is  repeated with support size  b* . 
           Let  V  =  { 1,2,3, …….. v }  and let  b’ be the set of all distinct 
subsets of  size k based on  V .And the total number of distinct subsets of  
size k  based on  v is 





k
v
. 
        Let us denote  a BIB design ( v , b , r , k , λ ) with support size  b*  
by BIB  ( v , b , r , k , λ   b*  )  .       
 
Definition 2.2.1  Balanced Incomplete Block Design  
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                A balanced  incomplete block design  is an  arrangement of  v 
treatments  belonging to a set  V  =  { 1,2,3, …….. v } ,  into  b  blocks  
 ( subset of  V  ) each of size k  such that   
(i) each block contains  k ( < v ) treatments ,  
(ii) each treatments appears in  r  blocks , 
(iii) every pair of treatment appears together  in λ blocks . The 
integers  v, b, r , k  and  λ  are called the  parameters  of   the BIB 
design . These  parameters  are not all independent , and are  satisfy  the 
following  relations . 
                                vr = bk  
                     λ (v – 1 ) =  r ( k – 1 )   , b ≥ v  . 
(iv) p* =  b . 
Definition 2.2.2 Balanced Incomplete Block Design with repeated 
blocks . 
             A design with parameters    v, b, r, k, λ  and P**  is said to be 
BIB design with repeated  blocks  , if  v  treatments distributed over  b 
blocks  each of size k , where k is lees than  v  such that ,   
 
            (i)     each treatments occurs in  r blocks. 
            (ii)    each treatment  occurs only once in a block . 
            (iii)   each pair of treatment occurs  together  λ  number of times . 
            (iv)   p* < b , where , P* be the set of  all  distinct blocks . 
            (v)   And the parameters satisfy the  following relations . 
                      v r = b k  = total number of plots in the design  
                      λ ( v- 1 ) = r ( k- 1)  and    b ≥ v . 
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              (vi)  p**  =  ∑
=
d
1j
jp  ,  is the total number of repeated     blocks. 
Definition 2.2.3  The  support  of a BIB design , D , with parameters 
 v , b , r , k  and λ  is define  as the collection of  p*  distinct  block of  D. 
Number of elements of  p*  that, is , the cardinality of  support denoted by  
b* is called the  support  size of D .  
Definition 2.2.4  Identical blocks  . 
      The identical blocks  of a balanced incomplete block design  with 
repeated block is define as the  collection of  all identical blocks  and is 
denoted by  s.  
Let  pj blocks repeated wj times  in the design , then the  number of  
identical block is given by   
                                   wps j
d
1j
j∑=
=
 
         and  the number of  repeated blocks  in a  BIB design is denoted by  
p**  given as  
                                 ∑=
=
d
1j
j
**
pp  
 2.2.5 Preliminary Results.  
 Construction of Balanced Incomplete Block Designs with  reduced  
 support . In this section let us have the construction of  BIB designs  
based on  v  and k  with support size less than  





k
v
. 
  Label the elements of   vΣ2  from  I to  v C2 . Let  pij  =  1 if the  i
th  
element of  vΣ2  , is contained in jth   element of  vΣk  , and let  pij  = 0, 
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otherwise . By the pair inclusion  vector  associated with  the jth   element 
of  vΣk  ,that , is  ,  
      pj ≡  ( p1j , p2j , p3j …..)’ .   Let P = [ P1,P2,P3 ……Pvck ] .  
Lemma 2.2.5.1 The frequency vector  F determines a  BIB design if and 
only if   
   P F = λ1 ,    where λ is a positive integer . 
 The proof  follows from the  fact that  Σjfjpij   is the number of times  the 
ith pair appears in the design . 
 Given a set of frequency vector s of   BIB designs based on  v and k , it is  
natural to  to find out  how these vectors might lead us  to new  BIB 
designs . We record here  for reference  some facts  of this nature . In 
what follows ,we say of the vectors    
               ( )f,.....,f,fF )i(vCk)i(2)i(1'i = ,  i = 1,2 , that  F1 < F2 , if 
and only if , 
                      ff
)2(
j
)1(
j ≤  for all j  and  ff )2(j)1(j < for some  i .  
        Let  F be the  set of frequency vectors of all BIB designs  based on   v 
and k . 
Proposition 2.2.5.1 Suppose  F , F1 and F2  are the elements of F.  Then   
(1) If c is  a positive  integer , then  cF is in F . 
(2) If g is a common divisor  of the  entries  of  F  , then  g
i−
F is in F  . 
(3) F1  +  F2  is in F . 
                   If   F1  <  F2   , then  F2  -  F1   is in F . 
Proof .  (1) and  (3) are immediate from  Lemma 2.2.5.1  (2)  and (4) also 
follow from this lemma after observing that  P (g
i−
F ) and P(F2  - F1 ) are 
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both  vectors of  nonnegative  integers . Note that  (2)  and  (4) can be 
used to construct  from BIB designs , some new designs  with smaller 
numbers of  blocks , and that (4)  can be used to reduced support size . 
Also it is follows from (2)  that  if there  is no BIB design with  b < vCk  , 
then  there is no uniform  design with  b*<  vCk . 
             If  d is a   BIB  ( v, K ) it is  natural to ask  whether  the support  ,   
p* , of  this design properly contains the  support of  another design , d1  
Theorem 2.2.6 below shows that the combinatorial  problem of   searching  
for such a design  is equivalent to the algebraic problem of finding 
solutions to a set of  homogeneous linear equations . If  p is a  BIB  ( v, k 
 b* ) , then we denote  by  Pp* the matrix whose columns are the pair 
inclusion vectors  associated  with the  blocks  of  p* . 
Theorem 2.2.6 .Given p , a BIB (v , b , r , k , λ   b*) ,there exist  p1 ,     
a BIB (v , k) such that  p* properly contains   p1*  if and only if there exist a  
nonzero vector  h such that  P p1* h = 0 . 
Proof . Let  Fp*  be the  b* × 1  vector whose component  consist of the  
non zero entries  of   Fp* Thus  
                         Pp* Fp* = PFp = λ 1.  
 If   Pp*  is not of full column rank , then there exists a  non zero vector h,   
each of whose entries are  rational , such that   Pp* h = 0 . Let  
      M = min  { -f p*i  / hi  :  hi  < 0   } 
   Where  f p*i    ,   is the  i
th   component  of  Fp*  . Let   gi  = f p*i   +  mhi   ,  
          i= 1,2,…,b* .Let t be the  smallest  positive integer such that        
tgif ip ≡*  is an integer for all i = 1,2, … , b* . Define  
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     )*(),...,( **1*
*
1
mhFptffpF bpp +=≡  . 
   It is claim that  F p 1*  is the frequency vector of 
  a new  BIB design , p1  , where f ip *  is the  frequency in  p1  of the  ith  
block  of the old design  d.   To prove this  it is given that  f ip *  ≥ 0 , i  = 
1 , ….. ,b* .  
        Further        Pp* pF
*
1
= t Pp* Fp* + tm Pp*h = t λ1. 
     Since  Pp*    and   pF
*
1
 have only integer  entries  ,  t λ is an integer ;  
thus by  Lemma 2.2.5.1 , is the frequency vector of a  BIB design . 
Moreover there is  at least  one i  such that    
    m =  - f p*1  / hi  ,  and for this   i   , f ip *  = 0   
          and hence  p*   properly contains p1* .   
        Suppose there exist  p1 , a BIB (v , b1 , r1 , k , λ1  b1* ) such that   
p* properly contains  p1* . let   f ip *  be the number of times  that the  ith   
block of p* occurs in p1  .Let  
  hi  = f p*1  - λ1   /  ( λ2  f p*1  ) ,   where  ,  h = ( h1, h2..  , h b* ) 
Then  Pp* h  = 0 . 
 
Proposition  2.2.6.1  Here we present some technique for producing  BIB 
designs whose  support is contained   within a given design. 
Suppose   di is a BIB  (v '  , bi , ri , k , λi  b i* )  , i = 1 , 2 , based on the 
set of  v ' treatments  , and suppose   d 1* ∩  d2* =  Ø , if  v > v’  , then 
there exist a BIB  (v '  , bi , ri , k , λi  b * )  with  
                        d  = e (vCk)        and              b* = vCk – b1* 
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                                 where  e = λ2 /gcd  (λ1   , λ2  ) . 
Proof  : ( by construction  ). Take acopies of  the trivial design,d (v, k) . 
Add an additional  e1  ≡  λ1   / gcd  (λ1   , λ2  ) copies of  d2  and remove all e 
copies of d1    and  increased the times of  each pair in d2  occurs by  e1 λ2   . 
But  d1  and  d2  contain precisely  the same pairs  ,   
                   and  e2 λ2   = λ1   λ2  / gcd (λ1   , λ2  )  =  e λ1   .  
Corollary 2.2.6.2  Suppose  d 3   is a BIB ( v ', b3 , r3 , k , λ3  b 3 ), 
 v ' < v. Then there exist a BIB (v , b , r , k , λ b*) , with  b* = vCk- b3.   
Proof .  Let d4  be all the blocks  of  d (v ' , k )  which are not contained in 
d 3. Then apply  Proposition   2.2.6.1. to  d3 and d4 . 
Proposition  2.2.6.3 Suppose di is a BIB  (v ', bi , ri , k , λi  b i* ) , i = 5 , 
6 , based on the set of  v ' < v  treatments , if  d5* ∩  d6*  = t , then  
there exist a  BIB (v , b , r , k , λ   b*)   , with  
b* =  vCk – ( b5*  - t )  and    b = e ( vCk ) 
 where   e = λ6 / gcd (λ5   , λ6  ) . 
 
Proof .  It can be proved  on the similar line of   proposition  2.2.5.1. 
 
Proposition  2.2.6.4 Suppose  di  is a BIB (v ' , bi , ri , k ', λi  b i* ) , i = 
5 , 6 , based on the same set of  v ' < vtreatments, with d5* ∩  d6* = t , 
if v - v '  ≥   k – k ' ,then  there exist a  BIB (v, b, r, k, λ b n*),    
               where   b n* = vCk  - n ( b5* - t ) , n= 1,2, …,C k – k '  , 
  
                and  b =  e  ( vCk)  ,   e =  λ 6   / gcd (λ5   , λ6  ) .  
 
Note:  The  preliminary  results discussed  above in section  2.2.5 –2.2.7 
are all due to  Foody  and Hedayat (1977) . 
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2.3 Construction of  Balanced Incomplete Block Designs with 
Repeated Blocks using Mutually Orthogonal Latin Squares. 
Here Balanced Incomplete Block Designs with Repeated Blocks are derived  
using  one mutually orthogonal latin squares  and another one design 
obtained by developing initial blocks which is carried out in Theorem-1. 
Theorem- 2.3.1 Let D1 represents a Balanced Incomplete Block Design 
constructed using  mutually orthogonal latin squares , with parameters v1, 
b1,r1, k1,λ1 and N1 as its incidence matrix .Further let D2  represents another 
Balanced Incomplete Block Design with parameters v2, b2,r2, k2,λ2 and N2 
as its incidence matrix . 
       If all the parameters of two Balanced Incomplete Block Designs are 
same then an incidence matrix N is defined as  
                      N  = ( N1: N2 ) 
gives a Balanced Incomplete Block Designs having p blocks repeated twice 
and with parameters: 
         v= v1=v2 , b = b1+ b2 , r = r1 + r2 , k = k1 = k2 , λ = λ1+λ2 and  p**   
                   Where p** is number of blocks repeated. 
Proof:- Let ( N1)v1× b1 be the incidence matrix of a BIB design with 
parameters v1, b1,r1, k1,λ1 .Again (N2) v2× b2 be the incidence matrix of 
another BIB  design with parameters  v2, b2,r2, k2,λ2 . 
           Here the first design is 1- resolvable Balanced Incomplete Block   
Design  constructed using  mutually orthogonal latin squares as second 
Balanced Incomplete Block Design is obtained by developing initial blocks 
(See Dey 1986) . 
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         Here the parameters of both the Balanced Incomplete Block Design  
are same , that is ,    v1=v2 , b1= b2 , r1 = r2 , k1 = k2 , λ1 = λ2  
 Let N be the incidence matrix of the resulting Balanced Incomplete Block 
Design  , Now  
                       NN′ = ( r1- λ1 ) Iv1  + λ1 E v1 v1  + ( r2-λ2 ) Iv2 + λ2  E v2 v2 
            since  , v1=v2 , b1= b2 , r1 = r2 , k1 = k2 , λ1 = λ2  
            then  , NN′ = 2 ( r1- λ1 ) Iv1 + 2 λ1 E v1 v1  
which  is  the  required  condition  for  the  existence  of BIB  design  with 
parameters : 
         v= v1=v2 , b = b1+ b2 , r = r1 + r2 , k = k1 = k2 , λ = λ1 +  λ2  = 2 λ1  
         Moreover, here only those Balanced Incomplete Block Designs are 
considered whose parameters are same in each case respectively but 
constructed by using different methods . 
           The first Balanced Incomplete Block Design is derived from a 
design of  the  series,   v1= s
2 
 , b1= s
2 + s , r1 = s + 1 , k1= s and  λ1 = 1  
              Since the design is 1-resolvable Balanced Incomplete Block 
Design , number  of  treatments common between any two blocks of the 
same group is zero and the number of treatments common between any 
two blocks of the different group is 1. This shows that the number of 
common treatment  between any two block is at most 1 (λ1). 
             Similarly second  Balanced Incomplete Block Design is obtained by 
developing    initial block , the number of common treatment  between any 
two block of the design is again at most 1 (λ2). 
           So when all the parameters of two Balanced Incomplete Block 
Design D1 and D2  are same then by juxtapositioning two design we get 
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Balanced  Incomplete Block Design with Repeated Block (having p**=s 
block repeated twice ),the other parameters are obvious. Which proves the 
Theorem -1. 
Example-2.3.1 Let  D1 represent a Balanced Incomplete Block Design  
having parameters v1=9, b1= 12 , r1 = 4, k1 = 3 , λ1 = 1 ,which developed 
by  using  mutually orthogonal latin squares, and is also a 1-resolvable 
Balanced Incomplete Block  
               Design ,which is shown in Table-2.3.1(a).Again consider another 
Balanced Incomplete Block Design D2 with parameters: 
         v2=9,b2=12 , r2=4, k2=3 , and λ2  = 1, derived by developing the 
initial blocks (01 02 03) (11 21 03)  (12 22 03)  (13 23 01) with reduced mod 
3.which is shown in  Table-2.3.1(b). 
           Now using Theorem -1 the resulting design is a  BIB Design with   
Repeated   Blocks with parameters D ( 9 24 8 3 2 p** =3 ) shown in 
Table-2.3.1(c)    
              Table-2.3.1(a)                     Table-2.3.1(b)  
                    1 4 7 1 2 3 1 2 3 1 2 3             4 5 6 7 8 9 1 2 3 1 4 7                              
          2 5 8 4 5 6 6 4 5 5 6 4       7 8 9 1 2 3 4 5 6 2 5 8 
                         3 6 9 7 8 9 8 9 7 9 7 8        2 3 1 5 6 4 8 9 7 3 6 9  
                                       
                                                      Table –2.3.1(c)  
 1 4 7 1 2 3 1 2 3 1 2 3 1 4 7  4 5 6 7 8 9 1 2 3  
 2 5 8 4 5 6 6 4 5 5 6 4 2 5 8  7 8 9 1 2 3 4 5 6   
 3 6 9 7 8 9 8 9 7 9 7 8 3 6 9  2 3 1 5 6 4 8 9 7   
 
Remark-1  Here it can be seen that  block containing the treatment  
(1 2  3) , (4 5  6) and  (7  8  9)  are  repeated twice , that is , p** = 3 . 
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Example-2.3.2 Let  D1 represent a Balanced Incomplete Block Design 
having   parameters  v1=16 , b1= 20 , r1 = 5, k1 = 4 , λ1 = 1 ,which is 
developed by  using  mutually orthogonal latin squares, and belong to a 1-
resolvable Balanced Incomplete Block Design. 
              Again consider another Balanced Incomplete Block Design D2 
with the same parameters v2=16,b2=20 , r2=5,k2=4 , and λ2= 1,derived by 
developing the initial blocks  ( 11 41 22 32)  (12 42 23 33)  (13 43 2131)  
( ∝ 01 02 03 )  mod 5. 
         The resulting   design is BIB Design with Repeated Blocks with 
parameters D ( 16 40 10 4 2  p** = 4 ) shown in Table-2.3.2.                          
                                             Table-2.3.2 
16  2   7  12  16  3   8  13  16  4   9  14  16  5  10 15 16  6  11  1  
 1   4   9  14   2   5  10 15   3   6  11  1    4   7  12  2   5   8  13  3  
 6   5  10 15   7   6  11  1    8   7  12  2    9   8  13  3  10  9  14  4 
11 13  3   8  12 14   4  9   13 15  5  10  14  1   6  11 15  2   7  12 
 
           2  3   4   5  15   7   8  9  10  6  12  13  14  1  11  16 16 16  16  16 
           5  15  2   3   4   10  6  7   8   9   1   11  12 13 14  15  2   3    4    5   
           8   9  10  6   7   13 14 1  11 12  3    4    5  15  2    6   7   8    9   10  
           9  10  6   7   8   14  1  1112 13  4    5   15  2   3   11 12 13  14   1 
 
Remark:-2 Here it can be seen that block containing treatments (16 2 7 
12), (16 3 8 13) , (16 4 9 14) and  (1 3 4 12 ) are repeated twice times, 
that is  p** = 4. 
Example-2.3.3 Let  D1 represent a Balanced Incomplete Block Design 
having parameters: v1=25, b1= 30, r1 = 6, k1= 5 , λ1= 1 ,which developed 
by  using  mutually orthogonal latin squares, and  belong to a 1-resolvable 
Balanced Incomplete Block Design. Again consider another Balanced 
Incomplete Block Design D2 with parameters v2 = 25,b2 = 30 , r2 = 6, k2 = 5, 
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and λ2  = 1,derived by developing the initial blocks (11 41 23 33 02 ) , ( 12 42 
24 34 03 ) , (13 43 25 35 04 ) ,(14 44 21 31 05 ) ,(15 45 22 32 01 )  and (01 02 03 04 
05  ) with reduced mod 5. 
            Now using Theorem -1 the resulting design is a BIBD-RB  with 
parameters D( 25 60 12 5 2 p** =5) shown in Table-2.3.3. 
                                              Table-2.3.3 
        25 5 10 15  20 25  1   2   3   4  25  1   2   3   4  25  1   2    3   4  25 1   2   3   4    25  1  2   3  4    
        1  6  11 16  21  6   7   8   9   5   7   8   9   5   6   8   9   5    6   7   9  5    6  7    8   5   6  7   8   9   
        2  7  12  17 22 12 13 14 10 11 14 10 11 12 13 11 12 13 14 10 13 14 10 11 12 10 11 12 13 14 
        3  8  13  18  23 18  9 15 16 17 16 17 18 19 15 19 15 16 17 18 17 18 19 15 16 15 16 17 18 19  
        4  9  14  19  24 24 20 2122 23 23 24 20 21 22 22 23 24 20 21 21 22 23 24 20 20 21 22 23 24  
    
        2  3  4  5  1  7  8   9  10  6  12 13 14 15 11 17 18 19 20  16  22  23  24  25  21  1   2   3   4   5    
     5  1  2  3  4 10 6   7   8   9  15 11 12 13 14 20 16 17 18  19  25  21  22  23  24  6   7   8   9 10 
     31415111218 19 20 16 17 23 24 25 21 22  3   4   5   1    2    8    9  10   6    7   11 12 13 14 15 
       141511121319 20 16 17 18 24 25 21 22 23 4   5   1   2    3    9   10  6    7    8  16 17 18 19 20 
        6  7  8  9 1011 12 13 14 15 16 17 18 19 20 21 22 23 24  25  1   2    3    4    5   21 22 23 24 25     
 
Remark:-3  Here it can be seen that blocks containing the treatments (1 
6 11 16  21) ,  (2  7 12 17 22) ,  (3 8 13 18 23) , (4 9 14 19 24) and (5 10 
15 20 25) i.e. p** = 5 blocks are repeated twice . 
2.4 Construction of Balanced Incomplete Block Designs with 
Repeated Blocks by using method of  Block Section and Initial 
Block . 
Theorem:-2.4.1 Let  D1  represents a BIB design with parameter: v1= s
2 
 ,   
b1= s
2 + s , r1 = s + 1 , k1= s and  λ1 = 1 and  N1  as its incidence matrix , 
which is derived by taking block section of the  design of the series  v = b 
= s2 + s + 1 , r = k = s2 + s and λ  =1. 
       Further let D2  be another  BIB design with parameters v2= s
2, b2= s
2 
+ s , r2 = s   + 1 , k2= s and  λ2 = 1 and  N2  as its incidence matrix , which 
is obtained by developing initial block with reduced mod  (v-1). 
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       Since all the parameters of  both the BIB designs are to be same ,then 
by juxtapostioning  two designs we get  BIBD-RB with  parameters v= 
v1=v2 , b = b1+ b2 , r = r1 + r2 , k = k1 = k2 , λ = λ1 + λ2 and p** ,where 
p**= λ blocks are repeated. 
Proof:- It can be proved on similar lines of Theorem-2.1. 
Example:-2.4.1  Let  D1  represents a BIB design with parameters:v1= 9
 
 ,  
b1= 12 , r1 = 4 , k1= 3 and  λ1 = 1  , which is derived by taking block 
section of the  design D ( 13  13  4  4  1) . 
       Let  D2  is an another one BIB design with parameters v2= 9
 , b2 = 12 , 
r2 = 4 , k2  = 3 and  λ2 = 1 , which is obtained by developing initial block (α 
0 4 ) P.C.(4) (8 2 3 ) mod 8 . 
         The resulting design is a BIBD-RB with parameters : v3 = 9, b 3= 24 , 
r3  =   8,   k3 = 3 , λ3 = 2 , p** = 2 , which is shown in the Table:- 2.4.1. 
                                              Table : - 2.4.1 
  
   1  1  2  2  3  4  5  6  7  7  8  9  9  9  9  9 8  1  2  3  4  5  6   7                    
                       2  3  4  3  4  5  6  8  9  8  9  1  8  1  2  3  2  3  4  5  6  7  8  1   
                       7  8  9  5  6  1  7  2  3  4  5  6  4  5  6  7  3  4  5  6  7  8  1  2  
       
Remark:-4  Here p**= 2 blocks are repeated twice . 
Example:-2.4.2  Let  D1  represents a BIB design  derived by taking  block  
section of   the design D ( 21 21 5 5 1 ), parameters of D1 design is v1=16 , 
b1=20, r1 =5 , k1=4 and  λ1 =1.  
       Let  D2  is an another  BIB design with parameters v2= 16
 
 , b2= 20, r2 
= 5,   k2= 4 and  λ2 = 1  , which is obtained by developing initial block( α  
0  5  10 ) P.C.(5) and (0  4  12   13 ) mod 15 . The resulting BIB design is 
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BIBD-RB with parameters:v3 =16 , b3 = 40 , r3 =10,  k3 = 4 , λ3 = 2 , p** = 
2,which is shown in the Table:- 2.4.2. 
                                    Table :-2.4.2 
     
                 1   2   3   4   2  1  2   3   4   7  6  7   8   9  12 11 12 13 14  5  
                                      6   7   8   9   3  3  4   6   6   8  8  9  11 11 13 13 14  1   1  10 
                      11 10 13 14 11  4 13 14   7   1  9  3   4 12  6  14  8   9   2  15  
                    5  12 15 16 16 12 5  10 15 16  2  5  10 15 16  7   5  10 15 16   
                                  
                                   16 16 16 16 16 15  1  2   3   4  5  6  7   8   9  10 11 12 13  14 
          15  1   2   3   4   4   5  6  7   8   9 1011 12 13 14 15  1   2    3                                                 
5   6  7   8   9  12 13 14 15  1  2  3  4   5   6   7   8  9  10  11 
                  10 11 12 13 14 13  14 15 1   2  3  4  5   6   7   8   9 10  11  12  
        
         Remark:-5  Here  block containing treatments (4  9 14 16) and (5 10 15 
16)   are repeated twice , that is , p** = 2 . 
 Example:-2.4.3  Let  D1  represents a BIB design  derived by taking  
block section of   the design D ( 31 31 6 6 1 ), parameters of  D1 design is 
v1=25 , b1=30, r1 =6 , k1=5 and  λ1 =1. Let  D2  is an another  BIB design 
with parameters   v2= 25
 
 , b2= 30, r2 = 6, k2= 5 and  λ2 = 1  , which is 
obtained by developing initial block  (α 0 6 12 18 ) P.C.(6) and (0 13 14 17 
22) mod 24 . 
            The resulting design is a BIB design is BIBD-RB with parameters : 
v3 =25 , b3 = 60 ,r3 =12,  k3 = 5 , λ3 = 2 , p** = 2, which is shown in the 
Table:- 2.4.3. 
                             Table :-2.4.3 
                     
                    1   2   3  4   5   2   1  2  3   4  5   8   7   8   9  10 11 14 13 14 15 16 17 20 19 20 21 21 23   6      
                    7   8   9 10 11  3  3  4   5   7  7   9   9  10 11 13 13 15 15 16 17 19 19 21 21 22 23  1   1   12 
          13 14 1516 17  7  4  5  10 11 8  13 10 11 16 17 14 19 16 17 22 23 20  1  22 23  4   5   2   18 
          19 20 2122 23 16  8  9 19 20 2122 14 15  1  2    3   4  20  21 7   8   9  10  2   3  1314  15  24  
          25  6 12 18 24 24 1725 6 12 18 24 23 25  6 12  18 24  5   25 6  12 18 24 11 25  6 12  18  25 
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          25 25 25 25 25 25 24   1  2  3   4   5    6   7   8  9  10  1112 1314 15 16 171819 20  21 22 23  
          24  1   2   3   4   5  13 14 15 16 17 18 19 20 21 22 23 24  1  2  3   4   5   6  7  8   9   10 11 12 
           6   7   8   9  10 11 14 15 16 17 18 19 20 21 22 23 24  1  2    3  4   5   6   7  8  9  10  11 1213   
          12 13 14 15 16 17 17 18 19 20 21 22 23 24  1   2   3  4   5   6  7   8   9  101112 13  14 15 16    
          18 19 20 21 22 23 22 23 24  1  2   3   4    5   6   7   8  9 10  1112 13 14 151617 18  19 20 21     
 
Remark:-6  Here block containing treatments (1 7 13 19 25 ) and  (6  12  
18  24  25)  are repeated twice, that is, p**= 2 . 
2.5 Balanced Incomplete Block Design with Repeated block  using 
a series of  Steiner’s  Triple System. 
          S11 : v = (6t+3) ,b= (3t+1) (2t+1) ,r = (3t+1) , k=3 , λ=1 
Theorem-2.5.1 Let  D1 represent a Balanced Incomplete Block Design 
with   parameters: v1 = (6 t+3) , b1  =(3 t+1) (2 t+1) , r1= (3 t+1), k1 = 3 , 
λ 1 = 1 and  N1  as its incidence matrix , which is obtained by developing 
the initial blocks   with reduced mod v-1. 
              Further let D2 represent another  Balanced Incomplete Block 
Design with parameters:v2= (6t+3) ,b2= (3t+1) (2t+1) , r2= (3t+1) ,k2 =3, 
λ2 =1 and N2 as its incidence matrix, which is obtained by developing the 
initial blocks. 
            Since all the parameters of  BIB design D1 and D2 are same ,then 
by juxtapositioning two design we get a Balanced Incomplete Block Design 
with Repeated Blocks with  parameters :v= v1=v2 , b = b1+ b2 , r = r1+ r2 , 
k = k1 = k2 , λ = λ1 +  λ2  = 2 λ1 and   p**=2 t+1. 
Proof:-It can be proved  easily on the similar line of Theorem-1. 
Example-2.5.1 Let D1 represent a Balanced Incomplete Block Design 
having parameters  v1= 9, b1 = 12 ,  r1 =  4, k1 = 3 , λ1 = 1 , which  
developed by using the initial blocks  (∝ 0 4 )  P.C. (4)  and  (0 2 3)   with 
reduced mod 8. 
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          Again consider another Balanced Incomplete Block Design D2 with   
parameters :  v2 = 9,b2 =12 , r2 = 4, k2 = 3 and λ2= 1, derived by 
developing the initial blocks ( 11 22 03) , (12 22 03) , (13 23 01)  and   (01 02 
03)   with reduced mod 3. 
             The resulting design is a BIBD-RB with parameters D( 9 24 8 3 2 
p** =3 ) which is shown in Table-2.5.1 
                                  Table-2.5.1   
       9   9   9   9   8   1   2   3   4   5   6   7   4   7  2   5   8   1   6   9   3   2   4   7 
  8   1   2   3   2   3   4   5   6   7   8   1   7   2  4   8   1   5   9   3   6   1   5   8 
            4   5   6   7   3   4   5   6   7   8   1   2   1   5  8   3   6   9   2   4    7  3   6   9  
  
Remark:- 7.  Here  p**= 3 blocks are repeated  twice . 
Example-2.5.2  Let  D1 represent a Balanced Incomplete Block Design 
having parameters v1=15, b1= 35 , r1 = 7, k1 = 3 , λ1 = 1 ,which developed 
by  using  the initial blocks (0 5 10 ) P.C. (5) (0 1 4) (0 2 8 ) with reduced 
mod 15 .Again consider another Balanced Incomplete Block Design D2 with 
parameters v2=15,b2=35 , r2=7,k2=3 , and λ2= 1,derived by developing the 
initial blocks (01 02 03) ( 11 41 02)  (12 42 03) (13 43 01) ( 21 31 02 ) (22 32 03 ) 
(23 33 01 ) and reduced mod 5. 
               The resulting design is a  BIB design with Repeated Blocks with 
parameters D( 15  70  14  3  2   p** =5 ) which is shown in Table-2.5.2 .           
                                                     Table-2.5.2 
    15  1   2   3  4 15 1  2 3 4 5  6  7  8   9  10 11 12 13 14 15 1 2   3  4  5  6  7  8  9 10 11 12 1314  
      5   6   7   8  9  1  2  3 4 5 6  7  8  9  10 11 12 13 14 15  2  3 4   5  6  7  8  9 101112 13 14 15 1 
    10 11 12 1314 4   5  6 7 8 9 101112 13 14 15  1   2   3   8  9 101112131415 1 2  3   4    5   6  7 
    1   2  3  4   5   2  3  4  5  1  7  8  9  10  6 12 13 14 15 11 3 4  5  1 2  8  9  10 6  7 13 14 15 11  2        
    6   7  8  9  10  5  1  2  3 4  10 6  7   8   9 15 11 12 13 14 4 5  1  2 3  9 10  6  7  8 14 15 11 12 13   
   11 1213 14 15 6  7  8  9 10111213 14 15 1   2   3   4   5  6 7  8  9101112 1314 15 1  2   3   4   5   
  
Remark:- 8   Here p** = 5  Blocks are repeated twice. 
Created by Neevia Document Converter trial version http://www.neevia.com
  
Example-2.5.3  Let  D1 represent a Balanced Incomplete Block Design 
having parameters v1=21, b1 = 70 , r1 = 10 , k1 = 3 , λ1 = 1 ,which obtained  
by  using  the initial blocks (0 7 14 ) P.C. (7) , (0 1 3) ( 0 4 12) and (0 5 11) 
with reduced mod 21 .Again consider another Balanced Incomplete Block 
Design D2 with parameters v2=21,b2=70, r2=10,k2=3, and λ2= 1,derived by 
developing the initial blocks   (01 02 03)   (11 61 02) , (21 51 02) (31 41 02), ( 12 62 
03 ) , (22 52 02 ) , (32 42 02 ) , (13 63 01 ), (23 53 01 ) , and (33 43 01)   reduced 
mod 7. We obtained a BIBD-RB with parameters: 
          ( 21 140  20 3  2   p** =7 ), which is shown in Table-2.5.3 
                                           Table-2.5.3 
   21 1   2   3  4   5   6  211 2 3 4 5 6 7  8  9  10 11 12 13 14 15 16 17 18 19 20           
  7   8   9 10 11 12 13  1 2 3 4 5 6 7 8  9 10 11 12 13 14 15 16 17 18 19 20 21 
  1415 1617 18 19 20  3 4 5 6 7 8 9101112 13 14 15 16 17 18 19 20 21  1   2    
           21 1  2  3  4   5   6  7  8   9  10 11 12 13 14 15 16 17 18 19 20   
                                      4  5  6  7  8   9  101112 13 14 15 16 17 18 19 20 21  1   2   3  
                                    12 13141516 17 181920 21  1   2   3   4   5   6   7   8   9  10 11 
                                     21 1   2   3   4  5  6  7  8  9 10 11 12 13 14 15 16 17 18 19 20 
                          5   6   7   8   9 101112131415 16 17 18 19 20 21  1   2   3   4 
                         11 12 13 14 15161718192021  1   2   3   4   5   6   7   8   9  10 
                                    2  3  4   5    6  7   1   3  4  5   6   7   8   9   4  5   6    7  1  2   3    
                                       7  1  2   3    4  5   6   6  7  1   2   3   4   5   5  6   7    1  2  3   4 
                                      8  9 10 11 12 13 14  8  9 10 11 12 13 14  8  9  10  111213 14       
     9 10 11 12 13 14 8  10 11 1213 14  8  9 11 12 13 14  8  9  10   
                                     14 8   9  10 11 1213 13 14  8  9  10 111212 13 14  8   9 10 11   
                                     1516 17 18 19 20 21 8   9  1011 12 1314 8   9  10 11 1213 14   
                 1  2  3   4   5   6   7 16 17181920211517181920 21 15161819202115 16 17                 
     8  9 10 11 12 13 14 2115161718192020211516 17 18191920211516 17 18  
    151617 18 19 20 21  1  2  3  4  5  6  7  1  2  3  4   5   6  7  1 2   3   4 5   6   7     
 
Remark:-9  Here it can be seen that  p** = 7 blocks are repeated twice. 
2.6. Balanced Incomplete Block Design with Repeated block using 
a series of  Steiner’s  Triple System. 
        S12 : v= (6t+1) , b= t(6t+1) , r=3t  , k= 3 , λ=1 
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Theorem:-2.6.1 Let  D1 represent a Balanced Incomplete Block Design 
with     parameters: v1= (6t+1), b1= t (6t+1) , r1= 3 t , k1=3 t , λ1=1 and 
N1 as its incidence matrix, which is obtained by developing the initial blocks 
with reduced mod (v).Further let D2 represent another  Balanced 
Incomplete Block Design with parameters: v2= (6t+1) ,b2= t (6t+1),r2= 3t, 
k2= 3t, λ2=1 and N2 as its incidence matrix ,  which is obtained by 
developing the   initial blocks (trial and error) with reduced mod (v). 
         If all the parameters of  BIB design D1 and D2 are  happened to be 
same, then by juxtapositioning two design we get a Balanced Incomplete 
Block Design with repeated blocks with  parameters D3: v= v1=v2 , b = 
b1+b2 , r = r1 + r2 , k = k1 = k2 , λ = λ1 +  λ2  = 2 λ1 and   p**=6t+1.  
Proof:-  It can be prove on the similar line of the Theorem-1. 
 
Example-2.6.1  Let  D1 represent a Balanced Incomplete Block Design 
having parameters v1=7,b1= 7 ,  r1 = 3, k1 = 3 , λ1 = 1 ,which  is developed 
by using  the initial blocks ( 0 1 3 ) with reduced mod 7.  
               Again consider another Balanced Incomplete Block Design D2 
with parameters: v2=7,b2=7 , r2=3,k2=3 , and λ2= 1,derived by another 
initial blocks (by trial and error) (3 4 6 )mod 7. 
              We get a  Balanced Incomplete Block Design with repeated blocks 
with parameters: D(7 14 6 3 2 p**=7 ),which is shown in the Table-2.61.  
                Table:-2.6.1           
    7  1  2  3  4  5  6  3  4  5  6  7  1  2 
                           1  2  3  4  5  6  7  4  5  6  7  1   2  3    
                           3  4  5  6  7  1  2  6  7  1  2  3  4   5 
 
Remark:- 10  Here  p** = 7 blocks are  repeated twice . 
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Example-2.6.2  Let  D1 represent a Balanced Incomplete Block Design 
having parameters v1=13,b1= 26 ,  r1 = 6, k1 = 3 , λ1 = 1 ,which is 
developed by  using  the initial blocks ( 1 3 9 ) and (2 6 5 ) with reduced 
mod 13 .Again consider another Balanced Incomplete Block Design D2 
withparametersv2=13,b2=26 , r2=6, k2=3, and λ2=1,derived by another                                                        
initial blocks ( trial and error) (1 3 9 ) and (0 4 6 ) with reduced mod 13. 
       We   get a  BIB Design with repeated blocks with parameters: D(13 52 
12 3 2  p**=13 ),which is shown in the Table-2.6.2. 
                               Table:-2.6.2 
 
                        1  2  3  4  5  6  7  8   9 10 111213 2 3  4  5  6  7  8  9 10111213  1 
                        3  4  5  6  7  8  9 10 1112 13 1  2  6 7  8  9 10111213 1  2  3  4   5 
                        9 10111213 1  2  3   4  5   6  7  8  5 6  7  8  9 10111213 1  2  3   4 
                        1  2  3  4   5   6  7  8  9 10 11121313 1 2  3  4  5  6  7 8  9 1011 12     
                        3  4  5  6   7   8  9 101112 13 1  2  1  2 3  4  5  6  7  8 9 101112 13               
                        9 101112 13  1  2  3  4  5   6  7  8  4  5 6  7  8  9 10112 13 1  2   3 
 
Remark:-11  Here p** = 13 blocks  are repeated twice . 
 
Example-2.6.3  Let  D1 represent a Balanced Incomplete Block Design 
having parameters v1=19, b1=57 ,  r1 = 9, k1 = 3 , λ1 = 1 ,which is 
developed by  using  the initial blocks ( 1 7 11 ), (2 14 3 ) and (4 9 6) with 
reduced mod 19 .Further consider another Balanced Incomplete Block 
Design D2 with parameters v2=19,b2=57 , r2=9,k2=3 , and λ2= 1,derived by 
another initial blocks (by trial and error) (18 12 8 ) , (5 16 17 ) and (4 9 6 ) 
with reduced mod 19. 
          We   get a  BIB Design with repeated blocks with parameters: D(19 
114 18 3 2  p**=19 ) , which is shown in   Table –2.6.3. 
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                                  Table:-2.6.3 
          
                1   2    3   4    5    6     7   8    9  10  11  12  13  14 15   16  17  18 19   
                                 7    8    9  10  11  12   13 14  15 16  17  18  19   1    2    3    4   5    6   
                                11  12  13  14  15  16  17  18  19  1    2    3    4   5    6    7    8    9  10 
                              2    3    4    5    6    7   8   9   10  11  12  13  14  15 16  17  18   19   1 
                                14  15  16  17  18  19  1   2    3    4     5    6    7   8   9   10  11   12  13  
                                 3    4    5    6    7    8   9  10  11  12  13  14  15  16 17  18  19    1    2   
                                  4    5     6    7    8    9   10  11  12  13  14 15  16  17  18 19   1   2   3         
                                  9   10   11  12  13  14  15  16  17  18  19   1    2    3   4   5    6   7   8 
                                  6    7     8    9   10  11  12   13 14  15 16  17  18  19   1   2    3   4   5   
                                 18  19   1    2    3    4   5    6    7    8    9  10  11  12  13  14  15 16  17   
                                 12  13  14  15  16  17  18  19  1    2    3    4   5    6    7    8    9  10  11 
                                  8    9  10  11  12   13 14  15 16  17  18  19   1    2    3    4    5    6   7 
                                   5    6    7   8    9   10  11  12   13  14  15 16  17  18  19   1   2    3   4 
                                  16  17  18  19  1    2    3    4     5    6    7   8    9   10  11  12 13  14 15 
          17  18  19  1     2    3    4     5    6    7   8   9   10  11  12 13  14 15  16 
                                   4    5     6    7    8    9    10 11  12  13  14 15  16  17  18 19   1   2   3 
                                   9   10   11  12  13  14  15  16  17  18  19   1    2    3   4   5    6   7   8 
                                   6    7     8    9   10  11  12  13  14  15 16  17  18  19   1   2    3   4   5   
 
 
Remark:-12  Here p** = 19  blocks  are  repeated  twice. 
 
2.7 Balanced Incomplete Block Design with Repeated Block   
obtained by using series of  Balanced Incomplete Block  design 
with parameters 
      v , b= 2r , r = v-1 , k  and  λ 
Theorem:-2.7.1  Let  D1 represent a Balanced Incomplete Block Design 
with parameters: v1 , b1=2 r1, r1= v1 -1 ,k1, λ1 and N1 as its incidence 
matrix, which is obtained by developing the initial blocks with reduced 
mod(v-1) .Further let D represent a series of Balanced Incomplete Block 
Design with parameters: v = b = 4λ+3 ,r = k = 2λ +1 and λ ,obtained by 
developing  initial  block using primitive element of  G. F. (4λ+3).  
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           Now let us take the block section of  design D and decoding the 
treatment accordingly ,we get another series of  BIB design with 
parameters : v2, b2=2 r2 ,r2= v2-1, k2 , λ2 and N2 as its incidence matrix.   
          If all the parameters of  BIB design D1 and D2 are  happened to be 
same ,then by juxtaposing two design we get a Balanced Incomplete Block 
Design with repeated blocks with  parameters  :  v3= v1=v2 , b3 = b1+ b2  = 
2(r1 + r2) , r3 = (v1 + v2) -2 , k3 = k1 = k2 , λ3 = λ1 +  λ2  = 2 λ1 and   p**.  
Proof:-  It can be prove on the similar line of the Theorem-1. 
 
Example:-2.7.1   Let D1 represent a BIB design with parameters : 
v1=6,b1=10 ,  r1 = 5, k1 = 3 , λ1 = 2 ,which is obtained by developing initial 
block  (α  0  1) and (0  4 2 ) reduced mod 5. 
                Further let  D(11 11 5  5  2 )  represent   another  series of  BIB 
design  obtained by developing the initial block (0 3 7 8 9 ) mod 11, again 
taking block section of the design D , we get another BIB design D2  with 
parameters : v2= 6,b2 = 10 , r2 = 5,k2 = 3,and λ2 = 2. 
        The  resulting  design is a BIBD-RB with parameters : D3  ( 6  20  10  
3  4  p** = 6 ). Which is shown in table :- 2.7.1 . 
                                       Table :- 2.7.1 
     
                     6  6  6  6  6  5  1   2  3  4  1  3  4  6  1  3  2  4  5  6    
                      5  1  2  3  4  4  5   1  2  3  3  4  5  4  5  2  6  1  6  1 
                      1  2  3  4  5  2  3   4  5  1  5  2  2  5  2  6  1  3  3  4 
 
 
Remark :- 13  Here p** = 6  blocks are  repeated twice . 
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Example :- 2.7.2  Let D1 represent a BIB design with parameters : v1 = 
8,b1 = 14 ,  r1 = 7, k1 = 4, λ1 = 3 ,  which is obtained by developing initial 
block (α 1 2  4 ) and (1 2 3 5 )reduced mod 7 . 
 Further let  D ( 15 15  7  7  3 )  represent a another 
series of  BIB design  obtained by developing the initial block (0 1 2 4 5 8 
10 ) mod 15, again taking block section of the design D , we get another 
BIB design D2  with parameters : v2= 8,b2 = 14 , r2 = 7,k2 = 4,and λ2 = 
3.The resulting BIBD-RB with parameters : ( 8 28 14 4 6 p** = 3 ).Which 
is shown in  Table:-2.7.2. 
                  Table:-2.7.2 
      
                  8  8  8  8  8  8  8  1  2  3  4  5  6  7  6  4  4  4  7  7  7  8  1  1  2  2  5  3     
                  1  2  3  4  5  6  7  2  3  4  5  6  7  1  4  7  7  8  1  8  8  1  5  2  5  5  3  6 
                  2  3  4  5  6  7  1  3  4  5  6  7  1  2  8  1  8  2  5  1  2  2  3  3  6  3  6  4  
                  4  5  6  7  1  2  3  5  6  7  1  2  3  4  1  2  5  3  6  3  6  5  4  6  4  7  8  7                
 
 
Remark:-14   Here p** = 3 blocks are repeated twice . 
 
Example:- 2.7.3 Let D1 represent a BIB design with parameters : 
v1=10,b1=18 ,  r1 = 9, k1 = 5, λ1 = 4 , which is obtained by developing 
initial block   (α  0  1  4  6) and  ( 0  1  2  4  8 )reduced  mod 7  . 
         Further let  D ( 19 19  9  9  4 )  represent a another series of  BIB 
design  obtained by developing the initial block (0 3 4 5 6 8 10  15 16) mod 
19., again taking block section of the design D , we get another BIB design 
D2  with parameters : v2= 10,b2 = 18 , r2 = 9,k2 = 5,and λ2 = 4.The resulting 
BIBD-RB with parameters :D3 (10 36 18 5 8 p**=1).Which is shown in 
Table:-2.7.3. 
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                                         Table:- 2.7.3  
                      10 10 10 10 10 10 10 10 10   9  1  2  3  4  5  6  7  8                
                       9   1   2   3  4   5   6   7   8   1  2  3  4  5  6  7  8  9  
             1   2   3   4  5   6   7   8   9   2  3  4  5  6  7  8  9  1 
            4   5   6   7  8   9   1   2   3   4  5  6  7  8  9  1  2  3 
             6  7    8   9  1   2   3   4   5   8  9  1  2  3  4  5  6  7  
                          1  2   3  3  4  4  3  5   4  7   5   6   7   8  10  1  9  10 
                          3  3   4  4  5  5  5  6   6  8   8   9   9   9   1   2  1   2   
                          4  6   5  6  7  6  6  7   7 10  9  10 10 10   2   3  2   3  
                          5  9   7  8  1  8  7  8   8  1   2   1   2   2   5   6  7   4    
                          9 10 10 1  2  2  9 10   9  3   3   4   4   4   6   7  8   8 
 
 Remarks:-15   Here p** = 1 block is repeated twice .  
 
2.8 Balanced Incomplete Block Design with Repeated  Block  by 
using the Block  Section  of another  BIB design with parameters. 
 
                            v = 4t - 1 = b  , r  = 2t - 1 = k , λ = t-1 
 
Theorem:-2.8.1    Let D represent a series of  BIB design with 
parameters : v= 4t-   1=b ,    r = 2t-1 =k , and  λ = t-1 , obtained by 
developing the initial block .Again let us  take block section of  design D 
and decoding the treatment accordingly , we get  another  series of BIB 
design  D1  with parameters:       
          v1 = 2t , b1= 4t – 2  ,  r1= 2t – 1 ,  ,k1 = t  ,  λ1 = t – 1 and N1 as 
its incidence matrix. 
             Further let D2  represent  a series of another BIB design with 
parameters: v2=2t ,b2= 4t –2 , r2= 2t – 1 , k2 = t , λ2 = t -1 and N2 as its 
incidence matrix , obtained by developing initial blocks with  mod (v2– 1) . 
   We get  a  BIB design with repeated blocks D3   with parameters:             
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v3 = v1 = v2 ,  b3 = b1 + b2  ,  r3 = r1 + r2  , k1 = k1 = k2 , λ3= λ1 + λ2 and 
p** .  We get  a  BIB design with repeated blocks D3   with parameters:            
v3 = v1 = v2 ,  b3 = b1 + b2  ,  r3 = r1 + r2  , k1 = k1 = k2 , λ3= λ1 + λ2 and 
p** . 
Proof:- It can be proved on the similar line of  Theorem :-1. 
Example:- 2.8.1  Let  D represent the BIB design  with parameters ( 11 
11 5  5  2) obtained by developing  initial block ( 11 3  7  8  9 ) reduced 
mod 11. Let D1 represent the BIB design with parameters: v1= 6,b1=10, 
r1=5, k1 =3,  λ1=2,which is obtained by  taking block section of the above 
design D. 
           Let D2 represent a BIB design with parameters : v2=6,b2=10 ,  r2 = 
5, k2 = 3 , λ2 = 2 , which is obtained by developing initial block (α  0  1) 
and (0  1 3) with reduced mod 5. 
           The resulting design is a BIBD-RB with parameters D ( 6 20 10 3  4  
p** = 4),  Which is shown in the Table :-2.8.1 
 Table:-2.8.1 
                     
            1  2  5  3  4  5  6  3  1  6  6  6  6  6  6  5  1  2  3  4   
            3  4  6  1  1  2  3  4  4  2  5  1  2  3  4  1  2  3  4  5   
                               6  6  1  2  2  3  4  5  5  5  1  2  3  4  5  3  4  5  1  2       
 
Remark:-16  Here p** = 4 blocks are repeated  twice . 
 
Example:-2.8.2   Let  D represent the BIB design  with parameters ( 15 
15 7  7  3) obtained by developing  initial block ( 0 5 7 10 11 13  14) 
reduced mod 15. Let D1 represent the BIB design with parameters: v1 = 8, 
b1 = 14 , r1 = 7, k1 = 4 ,λ1 =3,which is obtained by  taking block section of 
the design D.   Further  let D2 represent a BIB design with parameters : 
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     v2=8,b2=14 ,  r2 = 7, k2 = 4 , λ2 = 3 ,which is obtained by developing 
initial block (α 1  2  4 ) and (1 2 3  5 )  with reduced mod 7. 
        The resulting BIBD-RB with parameters D ( 8 28 14 4  6  p** = 4),           
Which is shown in the Table :- 2.8.2 . 
                          Table :-2.8.2 
        1  2  3  4  8  5  8  6  7  2  1  8  3  4   8  8  8  8  8  8  8  1  2  3  4  5  6  7    
        5  7  6  7  1  1  2  3  1  5  3  2  6  5   1  2  3  4  5  6  7  2  3  4  5  6  7  1    
 6  8  1  2  3  2  3  4  4  6  5  4  7  7   2  3  4  5  6  7  1  3  4  5  6  7  1  2  
 8  1  2  3  4  4  5  5  6  7  7  6  8  8   4  5  6  7  1  2  3  5  6  7  1  2  3  4 
 
Remark :-17   Here p** = 4 blocks are  repeated Twice . 
 
Example:-2.8.3  Let  D represent the BIB design  with parameters ( 19 
19 9  9  4) obtained by developing  initial block ( 0 3 4 5 6 8 10 15 16 ) 
reduced mod 19.    
          Let D1 represent the BIB design with parameters: v1 =10, b1 =18 ,r1= 
9, k1=5, λ1=4, which is obtained by  taking block section of the design D.  
           Further  let D2 represent a BIB design with parameters : 
v2=10,b2=18 ,  r2 = 9, k2 = 5 , λ2 = 4 ,which is obtained by developing 
initial block  (α  0 1  4 6 ) and ( 0 1 5  7 8 )  with reduced mod 9. 
                 The resulting design is a  BIBD-RB with parameters D (10 36 
18 5  8   p** = 2), Which is shown in the Table :- 2.8.3 . 
                                           Table :- 2.8.3  
                   
           10 9 8 8  7  7 8 6 7 4  6 5  4 3 1 10  2  1  10 10 10 10 10 10 10 10 10 9  1  2  3  4  5  6  7  8 
            8  8 7 7  6  6 6 5 5 3  3 2  2 210 9  10 9   9   1   2   3   4   5   6   7   8  1  2  3  4  5  6  7  8  9 
            7  5 6 5  4  5 5 4 4 1  2 1  1 1 9  8   9  8   1   2   3   4   5   6   7   8   9  5  6  7  8  9  1  2  3  4 
            6  2 4 3 10 3 4 3 310 910 9106  5   4  7   4   5   6   7   8   9   1   2   3  7  8  9  1  2  3  4  5  6   
            2  1 110 9  9 2 1 2 8  8 7  7 6 5  4   3  3   6  7    8   9   1   2   3   4   5  8  9  1  2  3  4  5  6  7    
 
Remark :-18   Here p** = 2  blocks  are  repeated Twice . 
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2.9  Balanced Incomplete Block Design with Repeated  Block  by 
using the Block  Intersection  of   BIB design of the series  
 
                            v = 4 t - 1 = b  , r  = 2 t - 1 = k , λ = t - 1 
 
Theorem :-2.9.1  Let   D represent  a series of  BIB design with  
parameters: v = 4 t - 1 = b  , r  = 2 t - 1= k , λ = t – 1 obtained by 
developing the initial block of reduced mod (v).  Again let  D1 represent the 
BIB design with parameters:v1 = 2t-1 , b1 =4t-2 ,  r1= 2t-2 , k1=t-1 , λ1=t-2,   
which is obtained by  taking block intersection of the design D. 
      Further let D2 represent a BIB design with parameters: v2=b2= 4 t2–1  ,  
r2 = k2 = 2 t2 - 1   , λ2 = t2 - 1  ,which is obtained by developing initial 
block with reduced mod  v2  . If  v1  is happened to be same as v2   and k1= 
k2  , is possible if and only if  λ = 2t-1 , then by merging D1 and  D2 , we 
get BIB design D3 with repeated blocks with parameters : v3 = v1 = v2  , b3 
= b1 + b2 =3 v2 , r3 = r1 + r2= 3 r2 ,k3 = k1 = k2  , λ 3 = λ1 + λ2 = 3 λ2  and 
p** . 
Proof : -  Let D is a BIB design  with parameters : v = 4 t - 1 = b  , r  = 2 
t - 1 = k , λ = t – 1 . Let us take the  block  intersection of  the design  D , 
we get another  BIB design  D1 with parameters :v1 = 2t-1 , b1 =4t-2,   r1= 
2t-2 , k1=t-1 , λ1=t-2  . 
           Let D2  is another  BIB design with parameters : v2=b2= 4 t2 - 1  ,  r2 
= k2 = 2 t2 - 1 , λ2 = t2 - 1  ,which is obtained by developing initial block 
with reduced mod  v2  .                        
                           If  v1 and  v2  both are same which is possible  only if 
                                                2 t - 1 =  4 t2 - 1    
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                                      that is      2t = 4 t 2  
⇒         t = 2 t 2 
               and  if    k1= k2   then merging two designs  D1 and  D2 , we get 
BIB design with repeated blocks with parameters : v3 = v1 = v2  , k3 = k1 = 
k2 , b3 = b1 + b2 = 4t + 4t2 –3   
                                i.e. , b3 = 4 (2 t 2 ) + 4t 2 –3           [t = 2 t 2 ]  
                                      = 12 t 2  - 3  
              =  3 ( 4t 2  - 1) 
    ⇒         b3   = 3 v2  
               Now ,  r3 = r1 + r2   = 2t-2  + 2 t2 - 1    
                                                  = 2t + 2 t2 –3  
                     = 2 ( t + t2 )-3 
                                           r3    = 2 (2 t2 +  t2 )-3          [t = 2 t 2 ]      
                                            r3  = 3  (2 t2 –1 ) 
⇒     r3  = 3 r2      
                 and    λ 3 = λ1 + λ2  =  t-2 + t2  -1 
                                             = 2 t2 –3 + t2        [t = 2 t 2 ]  
                                             = 3 t2 – 3 
           =  3(t2-1) 
                                     ⇒ λ 3  = 3λ 2                   
         Therefore the parameters of  D3  are  v3 = v1 = v2  , b3   = 3 v2 , r3  = 
3 r2 , k3 = k1 = k2 ,  λ 3  = 3λ 2  and  p** . 
Example:-2.9.1  Let  D represent the BIB design  with parameters ( 15 
15 7  7  3) obtained by developing  initial block ( 0 5 7 10 11 13  14) 
reduced mod 15 , as shown in the Table:-2.9.1(a). 
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               Table:-2.9.1 (a)           
          15  1  2  3   4   5   6   7  8   9  10 11 12 13 14   
           5   6  7  8   9  10 11 12 13 14 15  1   2   3   4 
                   7   8  9 10 11 12 13 14 15   1   2   3  4   5   6 
                  10 111213 14 15  1    2   3   4   5   6  7   8   9  
                  11 121314 15   1   2   3   4   5   6   7  8   9  10  
                  13 1415 1   2    3  4   5   6   7   8   9  10 11 12   
                  14 15 1  2   3   4   5   6   7   8   9  10 11 12 13  
 
 Let us take  the block intersection of the design  D, we get 
another  BIB  design ,say D1 , with parameters: v1 =7, b1 =14 ,r1= 6, k1=3, 
λ1=2, which is  shown in the Table:-2.9.1(b). 
            Table:-2.9.1(b) 
                       
                          4  2   3   4   1   4   2   5   6   3   4   2   5   6        
                 6  5   5   6  3    5   6   7   1   7   2   3   1   3   
                7  7   6   7   7   1   1   2   2   1   3   4   4   5 
 
                      
        Further  let D2 represent a BIB design with parameters : v2=b2=7 ,  r2 
= k2 = 3 , λ2 = 1 ,which is obtained by developing initial block  (0 1  5) 
with reduced  mod 7.Which is shown in Table:-2.9.1(c) . 
                             Table:-2.9.1(c)  
     
            7  1  2  3  4  5  6 
                                          1  2  3  4  5  6  7 
                                          5  6  7  1  2  3  4 
 
     Since  v1 = v2  and  k1 = k2  , then merging two designs D1 and  D2   we 
get another  BIB design D3 with parameters:  v3 = 7 , b3  = 21 , r3 =9 , k3 
= 3 , λ 3  = 3  and  p** =7 , which is shown in Table :- 2.9.1(d) . 
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                                           Table :-2.9.1(d)  
           4  2   3   4   1   4   2   5   6   3   4   2   5   6   7   1   2   3   4   5   6 
                  6  5   5   6   3   5   6   7   1   7   2   3   1   3   1   2   3   4   5   6   7 
         7  7   6   7   7   1   1   2   2   1   3   4   4   5   5   6   7   1   2   3   4 
 
Remark:- 19  Here it can be seen that block having   treatment ( 4 6 7 ),  
(3 5 6 ) , ( 2 6 1 )  repeated thrice and four blocks  (2 5 7 ) ,( 1 3 7 ) , (4 5 
1 ) ,(4 2 3 )  are   repeated twice. 
Example:-2.9.2  Let  D represent the BIB design  with parameters ( 23 
23 11  11  5)   obtained by developing  initial block ( 0 1 4 5 7 9 10 11 12 
18  20) with reduced mod 23. Let us take  the block intersection of the 
design  D, we get another BIB design ,say D1 , with parameters: v1 =11, b1 
=22 ,r1= 10, k1=5, λ1=4. 
         Further  let D2 represent a BIB design with parameters : v2=b2=11 ,  
r2 = k2  =   5, λ2 = 2 ,which is obtained by developing initial block  (2  6  7  
8 10 ) with reduced  mod 11. The  resulting BIB design D3  is a BIBD-RB 
with parameters: v3 = 11 , b3   =33 , r3 =15, k3 = 5 , λ 3 = 6 and  p** = 1 , 
which is shown in Table :-2. 9.2 
         Table :-2.9.2 
                              11 9  5  6  4     4  3  2   1 11  11 2   3  4   8 
        10 8  6  4  3     3 11 10  7  5   1  3  4  5    9 
    7  5  4  3  1     2  1  11 10 6   2   4  5  6  10 
    9  7  6  3 11   2  11 10  5  4   3  5  6   7  11 
    9  8  5  4 10   1  10  9  6  3    4  6  7   8   1    
    8  5  6  3 11   1  11  9  8  4    5  7  8   9   2 
    7  6  4  2 10   2  10  9  8  3    6  8  9  10  3 
    7  4  3  2  9    2  11  9  8  7    7  9 10 11  4 
    5  3  2  1   8   1  11 10  8  7   8 10 11  1  5 
    5  6  2  1   9    1  10  9  7  5   9  11 1   2  6 
    6  4  1  8  7    8   7   5  6  2  10  1  2   3  7 
  
Remark:-20  Here it can be seen that  p** =1  block  repeated Twice . 
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2.10 Balanced  Incomplete  Block Design with Repeated  Block   
using the BIB design of the  series  
   
                   v = 2 t , b = 4t-2 , r  = 2 t – 1 , k = t , λ = t – 1  
Example:-2.10.1Let  D1 represent a BIB design with 
parameters:v1=8,b1=14,  r1 = 7, k1 = 4 , λ1 = 3 , 
    which is obtained by developing initial block  (α  1  2  4 ) and (1 2 3  5 ) 
mod 7. Further let D2   be a  BIB design with parameters: v2=8,b2=14 ,  r2 = 
7, k2 = 4 , λ2 = 3 ,which is obtained from developing initial block (α 1 2 4 )  
with reduced mod 7. i.e. first seven blocks are obtained after developing  
an initial block  ( 1 2  4 ) with reduced mod 7. [ This initial block is 
obtained from even power of primitive element of G F (7)] ,then adjusting 
the 4th plot as α ,and remaining seven blocks are obtained by taking 
complimentary design of the parameters  :  ( 7  7  3  3  1)  
        We get a  BIBD-RB with parameters : ( 8  28  14  4  6  p** =  8 ) ,  
which is shown in   Table:-2.10.1. 
  
                                              Table:-2.10.1 
 
           8  8  8  8  8  8  8  1  2  3  4  5  6  7  8  8  8  8  8  8  8  4  2  1 2  4  4  4 
           1  2  3  4  5  6  7  2  3  4  5  6  7  1  1  2  3  4  5  6  7  6  6  5 1  1  2  2 
           2  3  4  5  6  7  1  3  4  5  6  7  1  2  2  3  4  5  6  7  1  5  3  3 6  6  5  1 
           4  5  6  7  1  2  3  5  6  7  1  2  3  4  4  5  6  7  1  2  3  7  7  7 5  3  3  7 
 
 
Remark:-21   Here it can be seen that  8 blocks are repeated twice. 
 
Example:-2.10.2  Let  D1 represent a BIB design with parameters: 
v1=10,b1=18 ,  r1 = 9, k1 = 5, λ1 = 4 ,  which is obtained by developing 
initial block  (α  0 1  4  6) ( 0 1 5 7 8 ) mod 9. Further let D2  be another 
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BIB design with parameters: v2=10, b2=18 ,  r2 = 9, k2 = 5 , λ2 = 4 , which 
is obtained from (α  9  6  5 2 ) with reduced mod 9. i.e. First nine blocks 
are obtained after developing  an initial block  (  9  6  5 2 ) with reduced 
mod 9 , then adjusting the 4th plot as α ,and remaining nine blocks are 
obtained by taking second part of the complimentary design of the 
parameters( 9 18 8  4  3).  
           We get a  BIB design with repeated block with parameters : ( 10  
36  18  5  8  p** = 9 ) , which is shown in   Table:-2.10.2. 
     Table:-2.10.2 
    10 10 10 10 10 10 10 10 10  9   1   2   3   4   5   6   7   8 
                        9   1   2   3    4   5   6   7   8   1   2   3   4   5   6   7   8   9 
                        1   2   3   4    5   6   7   8   9   5   6   7   8   9   1   2   3   4 
                      4   5   6   7    8   9   1   2   3   7   8   9   1   2   3   4   5   6 
                      6   7   8   9    1   2   3   4   5   8   9   1   2   3   4   5   6   7 
                       
                     10 10 10 10 10 10 10 10 10  1   2   3   4   1   2   1   1   1 
                       9   1   2   3   4   5   6   7   8   2   3   4   5   5   6   3   2   2 
                       6   7   8   9   1   2   3   4   5   3   4   5   6   6   7   7   4   3     
                       5   6   7   8   9   1   2   3   4   4   5   6   7   7   8   8   8   5  
                       2   3   4   5   6   7   8   9   1   6   7   8   9   8   9   9   9   9 
 
Remark:-22  Here it can be seen that  p**= 9  blocks are repeated twice. 
 
Example:-2.10.3  Let  D1 represent a BIB design with parameters: v1 = 
12 , b1 = 22 , r1 = 11, k1 =  6, λ1 = 5 , which is obtained by developing 
initial block  (α  0  2  3   4  8 ) and  (1 3 4 5 9 11) mod 11. Further let D2 
be a  BIB design with parameters: v2=12,b2=22 ,  r2 = 11, k2 = 6 ,λ2 = 5, 
which is obtained from (α  11 2  3  4  8) with reduced mod 11. i.e. First 
eleven blocks are obtained after developing  an initial block(11 2  3  4  8 ) 
with reduced mod 11 , then adjusting the 4th plot as α ,and remaining 
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eleven blocks are obtained by taking   complimentary design of the 
parameters  ( 11 11 5  5  2 ). 
       We get a  BIB design with repeated block with parameters : ( 12  44 
22  6  10  p** = 12 ) .Which is shown in the Table:-2.10.3. 
                                           Table:-2.10.3  
           12 12 12 12 12 12 12 12 12 12 12  1  2   3  4  5  6  7  8   9  10  11      
 11  1    2   3   4   5   6    7  8    9  10  3  4   5  6  7  8  9  10 11  1   2 
            2   3   4    5   6   7   8    9  10 11 1   4  5   6  7  8  9 10 11  1   2   3  
            3   4   5    6   7   8   9   10 11  1  2   5  6   7  8  9 10 11 1   2   3   4 
            4   5   6    7   8   9  10  11  1   2  3   9  10 11 1  2  3   4  5  6   7   8  
            8   9  10  11  1   2   3    4   5   6  7  11  1  2  3  4  5   6  7   8  9  10   
       12 12 12  12 12 12 12 12 12 12 12  1  2  1   1  2   1  1  1 10 10  2 
          11  1    2    3   4   5   6    7  8    9  10  6  4  2   4 10  2  2 10  4   5  5 
           2   3    4    5   6   7   8    9  10 11 1    7  7 10  5   4 10 4  4   5   6  6   
           3   4    5    6   7   8   9   10 11  1  2    8  8  8   9   6  5  5  6  7   8   7 
           4   5    6    7   8   9  10  11  1   2  3    3  9  9   3   3  7  6  7  8   9  9 
           8   9   10  11  1   2   3    4   5   6  7  11 11 3  11 1111  8  9  3  11  3  
 
 
Remark:-23  Here    p** = 12 blocks are repeated twice. 
 
 2.11 Balanced Incomplete Block Design with Repeated Block   
using Two-fold Triple System with parameters . 
                      
               S22 : v =6t + 4 , b = 2 (2t+1) (3t+2), r=6t+3 , k=3 , λ =2 
 
Example:-2.11.1 Let D1 represents a BIB design of the series S22 : v = 6t 
+ 4 , b = 2(2t+1) (3t+2), r = 6t+3 , k = 3 , λ =2, having parameters :  
    v =10 , b = 30, r=9 , k=3 , λ =2 ,which is obtained by trial and error 
method , which is shown in Table:-2.11.1. 
                   Table:-2.11.1 
      2  3  7  1  6  8  6  9 10 3   8  5   5  2  6  10 1  8  7  4  2  7  4  9 10  9  1  4  3  5 
       6  4  3  5  2  1  8  7  7  1   2  9   4  3 10  5  6 10 8  9  1  5  8  4   7  3 10 2  9  6 
      9  7  4  8  9  5  3  1  2 10  4  10  6  5  3   4  7  2  9  1  3  2  6 10  8  5  6  1  8  7     
 
Remark :-24  Here p** = 3  blocks  are  repeated twice .  
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Example:-2.11.2  Let D1 represents a BIB design of the series S22 :v=6t 
+4 , b = 2 (2t+1) (3t+2), r=6t+3 , k=3 , λ =2 , having parameters: 
        v =10, b = 30, r=9 , k=3 , λ =2 ,which is obtained by trial and error 
method , with one blocks repeated twice. Which is shown in Table:-2.11.2. 
      Table:-2.11.2 
  
         1  2  3  4  5  6  1  7  8  6  2  3  8  8  5  9  4  9  2  7  9  1  3  10  4  5  6  7 10 10  
         2  3  4  5  6  7  7  5  1  4  8  1  2  3  9  6  7  5  9  9  4  2 10  3  10 6 10 1  8   8   
         4  5  6  7  1  2  3  8  6  8  7  8  4  5  2  3  9  1  6  3  1 10 2   4   5 10 7 10 9   9 
 
Remark:- 25  Here p** = 1 block  repeated twice.     
 
2.12   Some more BIB Design with Repeated Block obtained by 
using Different Method 
Example-2.12.1  Let  D1 represent a Balanced Incomplete Block Design 
having parameters v1= b1=13 ,  r1 = k1 = 4 , λ1 = 1 ,which is developed by  
using  the initial blocks (0 1 3  9 )with reduced mod 13 . Further consider 
another Balanced Incomplete Block Design D2 with parameters: 
        v2 = b2 =13 , r2 = k2 = 4 , and λ2= 1,derived by  trial and error 
method. We  get a  BIB  Design with Repeated Blocks with  parameters: 
D(13 26  8  4  2  p**=3 ), shown in the Table -2.12.1. 
                                Table -2.12.1  
                     13 1  2  3  4   5  6  7  8   9  10 11 12              
                            1   2  3  4  5  6  7  8   9 10  11 12 13 
                          3   4  5  6  7  8  9 10 11 12  13  1  2 
                            9 10 111213 1  2  3   4   5    6   7  8 
                               2   1  4  3  5  6  7  8  9  10 11 12 13     
                               1   4  3  5  6  7  8  9 10 11 12 13  2 
   3   5  6  7  8  9 101112  13  2  1   4  
  10 1112 13  2 1  4  3  5   6   7  8   9   
 
Remark:- 26  Here p** = 3 blocks  are  repeated twice.     
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Example-2.12.2  Let  D1 represent a Balanced Incomplete Block Design 
having parameters v1=10,b1=15 ,  r1 = 6, k1 = 4 , λ1 = 2 ,which is 
developed by  using  the initial blocks (00 30 01 41 ) (00 01 11 31 ) ( 10 20 30 
01 ) with reduced mod 5. Further consider another Balanced Incomplete 
Block Design D2 with parameters v2=10, b2=15 , r2=6, k2=4 , and  λ2= 2 , 
obtained by trial and error method. 
                We  get a  BIB Design with Repeated Blocks with   parameters: 
D(10  30  12  4   4   p**=2 ), shown in the Table -2.12.2. 
                           Table -2.12.2 
                                       1  3  5  7  9   1  3  5  7  9  3  5  7  9  1        
                                     7  9  1  3  5  2  4   6  8 10 5  7  9  1  3                                     
                               2  4  6  8 10 4  6   8 10 2  7  9  1  3  5   
                                    10 2  4  6  8  8  10 2  4  6  2  4  6  8 10                                    
 
                                  1  8   7  3  4  6  2  7  3  1  9  1  7  4  2   
2 10  6  9  5  9  5  8 10  4 10 3  8  6  5 
3  1  2   5  7  4  8  3  9  8  1  5  2  3  1 
4  6  9  8 10 5 10  6  2   9  7  7  4 10 6         
 
Remark:- 27  Here p** = 2  blocks  are  repeated Twice. 
 
Example-2.12.3  Let  D1 represent a Balanced Incomplete Block Design 
having parameters v1=9,b1=18 ,  r1 = 8, k1 = 4 , λ1 = 3 ,which is developed 
by  using  the initial blocks (0 1 2  4 ) (0 3 4  7) with reduced mod 9. 
Further consider another Balanced Incomplete Block Design D2 with 
parameters v2=9, b2=18 , r2=8, k2=4 , and  λ2= 3,derived by another initial 
blocks  ( 1 5 3 4) (0 3  4  7 )  reduced mod 9. 
                 We  get a  BIB Design with Repeated Blocks with   parameters: 
D (9  36 16  4  6  p**=9 ),which is shown in the Table -2.12.3. 
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                                                 Table:-2.12.3 
              9 1  2  3 4 5 6 7 8  9 1 2 3 4 5 6 7 8  1  2 3 4 5 6 7 8 9 9 1 2 3 4 5 6 7 8 
              1  2  3  4 5 6 7 8 9  3 4 5 6 7 8 9 1 2  5  6 7 8 9 1 2 3 4 3 4 5 6 7 8 9 1 2 
             2 3  4  5 6 7 8 9 1  4 5 6 7 8 9 1 2 3  3 4  5 6 7 8 9 1 2 4 5 6 7 8 9 1 2 3 
             4  5  6  7 8 9 1 2 3  7 8 9 1 2 3 4 5 6  4  5 6 7 8 9 1 2 3 7 8 9 1 2 3 4 5 6 
 
Remark:- 28  Here p** = 9  blocks  are  repeated Twice. 
 
Example :-2.12.4  Let  D1 represent a Balanced Incomplete Block Design 
having parameters v1=12,b1=44 , r1 = 11, k1 = 3 ,λ1 = 2,which is 
developed by using  the initial blocks (0 1 3),(0 1 4), (0 2 6 ) and (α  0 5 ) 
with reduced mod 11.(See Aloke  Dey 1986). Further consider another BIB 
design D2 with parameters v2 =12, b2 = 44 , r2  = 11,k2  = 3 , and λ2 = 2, 
derived by another initial blocks  (0 1 3 ), (0 1 5 ), (0 4 6 ) and (α  0  3 ) 
with reduced mod 11.( See Raghavrao 1972). 
          We  get a  Balanced Incomplete Block Design with repeated blocks 
with  parameters: D (12  88  22  3  4  p**=11 ),  which is shown in the  
Table –2.12.4.                    
                                               Table:-2.12.4 
                                                                                                                                                                                    
    11  1  3   11 1  4   11 2   6   12  11 5   11 1   3  11  1   5   11 4   6  12 11  3 
               1   2  4    1  2   5    1  3   7   12  1   6   1   2   4   1   2   6   1  5   7   12  1  4 
                 2   3  5    2   3   6   2  4   8   12  2   7   2   3   5   2   3   7   2  6   8   12  2  5 
               3  4   6    3   4   7   3  5   9   12  3   8   3   4   6   3   4   8   3  7   9   12  3  6 
               4  5   7    4   5   8   4  6  10  12  4   9   4   5   7   4   5   9   4  8  10  12  4   7 
               5  6   8    5   6   9   5  7  11  12  5  10  5   6   8   5   6  10  5  9  11  12  5   8   
                          6  7   9    6   7  10  6  8    1  12  6  11  6   7   9   6  7  11   6 10  1   12  6   9 
                          7  8  10   7   8  11  7  9   2   12  7   1   7   8  10  7   8   1   7 11  2   12  7  10 
                          8  9  11   8   9   1   8 10  3   12  8   2   8   9  11  8   9   2   8  1   3   12  8  11 
                          9  10  1   9 10   2   9 11  4   12  9   3   9  10  1   9  10  3   9  2   4   12  9   1  
                     10  11 2  10 1    3  10 1   5  12  10  4   1011  2  10 11  4  10 3   5   12 10  2 
 
Remark:- 29  Here p** = 11 blocks are repeated twice . 
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Example:- 2.12.5  Let  D1 represent a Balanced Incomplete Block Design 
having   parameters v1=10,b1=30 ,  r1 = 9, k1 = 3 , λ1 = 2 ,which is 
developed by  using  the initial blocks (02 12 22) , (11 41 02), (21 31 02) , ( 11 
41 22 ) , (21 31 22 ) and   (01 02 03 ) with reduced mod 5.  
                  Again consider another Balanced Incomplete Block Design D2 
with parameters: v2 =10, b2= 30 , r2 = 9, k2 =3 , and λ2 = 2, obtained  trial 
and error method. 
     We get a  BIB Design with repeated blocks  with parameters: 
D(10 60 18 3 4  p**=9 ),and is shown in the Table 2.12.5. 
                             Table:-2.12.5 
         2  4  6  8 10 3 5 7 9  1  5  7  9  1  3  3  5 7  9  1  5  7  9  1  3  1  3  5 7  9   
         4  6  8 10 2  9 1 3 5  7  7  9  1  3  5  9 1 3   5  7  7  9  1  3  5  2  4  6 8 10   
         6  8 10 2  4  2 4 6 8 10 2  4  6  8 10 6 810  2  4  6  8 10 2  4  6  8 10 2  4 
         1 2  3  4  5  6  1  7  8  6  2 3 8 8 5  9  4 9 2 7  9  1  3  10  4   5  6  7 1010   
        2 3  4  5  6  7  7  5  1  4  8  1 2 3 9  6  7 5 9 9  4  2 10  3  10  6 10 1  8   8 
         4 5  6  7  1  2  3  8  6  8  7 8 4 5 2  3  9 1 6 3  1 10  2  4   5  10 7 10 9   9    
 
 
Remark:-30  Here p** = (1 + 8 ) = 9  blocks are repeated twice. 
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Chapter 3 
        Singular Group Divisible Designs with 
                          Repeated Blocks 
3.1  INTRODUCTION  
Yates (1936) introduced Balanced Incomplete Block Design for the 
Agricultural  Experiment . Later construction of  Balanced Incomplete 
Block Design and its properties were developed by Bose (1936). 
Consequently several author discussed various properties of Balanced 
Incomplete Block Design .The drawback of the BIB design  is that , it is 
not available for all possible number of treatments because of its 
parametric relations. 
I. vr = bk   
II. λ (v-1)  = r ( k-1)  
III. b ≥  v  
        To overcome such problem Yates (1936) introduced another class 
of design which he  called Lattice design . Lattice design available for all 
possible number of treatments , however the treatments must be either 
perfect square  or  cubic .These type of Incomplete Block Design could 
not satisfy the requirement of  Agricultural Experiment . Hence  Bose  
and  Nair (1944) introduced another class of  Design which he called 
Partially Balanced Incomplete Block Design .The advantage of PBIB 
design is that it is available for all most number of treatments and 
having smaller number of replications.  
          Several author developed the method of construction and 
properties of  PBIB design . 
         Again Bose and  Shimamoto (1952) classified PBIB design   of two 
associate classes in to following five categories.  
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i. Simple   Design  
ii. Group Divisible   Design  
iii. Latin Square Type  design  
iv. Triangular Design     
v. Cyclic Type Design . 
          In above all , the  simplest and  important class of  Partially 
Balanced Incomplete Block   design is Group Divisible Design . A group 
divisible design is  a two associate  class of   Partially Balanced 
Incomplete Block Design  for which the treatment may be divided into  
m  groups of  n  distinct treatments each  such that any two treatment 
that belong  to the same group are called first associates and two 
treatments that belong  to the different groups are second associates. 
The association scheme can be  exhibited by replacing the treatments  
in an  n x m rectangle , where the columns form the groups , and with 
the secondary parameters   
  where  ,  
                            n1     =  n-1  ,     n2  =  n ( m-1 )  . 
      and         ( n- 1 ) λ1 + n ( m-1) λ2  = r ( k-1 ) ,  
provided parameters of second  kind are determined by m and n . 
        In fact  , the association matrix for a group divisible  design can be 
defined as 
       p
ij
1
= 





−
−
)1(0
02
mn
n
,   





−−
−
=
)2(1
102
mnn
n
pij  
 
 for every group divisible design  the following inequalities hold good . 
                           r -λ1 ≥  0  ,  and  rk - vλ 2  ≥  0  . 
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        Further  Bose  and Connor  ( 1952 ) classified  Group Divisible 
design in to  three different design based on its  characteristic properties 
these  designs are      
             I .  Singular Group Divisible Design  
            II .  Semi Regular  Group Divisible Design  
           III .  Regular Group Divisible Design . 
Definitions :  
1. A  Group Divisible design is said to be  SGD  if  r- λ1  = 0 . 
2. A Group Divisible  design is said to be SRGD if  r - λ1 > 0 and 
     rk – v λ2 = 0 . 
 3. A Group Divisible Design is said to be Regular if  r-λ1 > 0 and  
     rk – v λ2 > 0 .  
             We know from Bose and Connor  (1952 ) that the existence of  
a Balanced Incomplete Block Design  implies the existence of    Singular 
Group Divisible Design .Considering this fact, we have developed the 
Singular Group Divisible Design  with repeated blocks  from the Balanced 
Incomplete Block Design with repeated blocks  which are discussed in 
Chapter 2. We denote it by Singular Group Divisible Design with 
Repeated Blocks . 
       We have further seen  that  the Singular Group Divisible  Designs 
discussed here are having the same parameters as discussed in 
Clatworthy (1973).Nevertheless the  Singular Group Divisible designs 
observed here gives the isomorphic  solutions to the solutions listed in 
Clatworthy  (1973) .Hence can be consider as the  New solutions of  
Singular Group Divisible Designs. To check the isomorphism of the new 
solutions with existing one , the triplets of all the blocks containing the 
treatments are prepared and frequency of number of triplets  repeated 
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in the design is computed and its frequency distribution is observed with 
that of existing designs  frequency distribution of triplets .  
             Here ,in  various  sections ,the method of construction of  SGD 
designs  with repeated blocks using the BIB designs with repeated 
blocks are discussed. Number of  SGD designs with repeated blocks are 
obtained  using different methods  based on the construction of  BIB 
design with repeated blocks  discussed in  Chapter-2 .The  Table 
showing the list of parameters of SGD designs in this chapter is given in 
the Appendix-II .  
                 A computer  program of  c- language is given to work out  a 
SGD design as data base file ,generate the triplets of an SGD designs , 
compute the number of triplets repeated for a particular frequency of 
times and prepared its frequency distribution .Also this program will 
generate the complementary design and generate its frequency 
distribution of  triplets and is shown in Appendix III[a] and Appendix 
III[b] respectively .         
           3.2 Method of Construction of Singular Group Divisible        
Designs  using  BIBD with Repeated Blocks 
                   Lets   v', b', r',k',λ' and P**  be the parameters of  a  BIB design   
having P**  repeated blocks . Using the well known result of  Bose and 
Conner (1952)  that , the existence of a BIB design implies the existence 
of  Singular Group Divisible Designs . In this investigation we have used 
this result  in constructing the  Singular Group Divisible Designs with 
repeated blocks .That, is , the existence of  BIB design with repeated 
blocks  implies the existence of  Singular Group Divisible Designs with 
repeated blocks. 
        This is shown in Theorem- 3.2 . 
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Theorem- 3.2  Lets   v', b', r', k',λ' and P**  be the parameters of  a    
BIBD having P** repeated blocks ( discussed in  chapter –II ) 
       Now, by adding  k (=k')more plots  in each of the  block of this 
existing BIBD with repeated  blocks ,  a Singular  Group Divisible  Design 
with repeated blocks with  parameters: v = 2v',b = b',r = r',k =2k', m = 
v', n = 2, λ1 = r', λ2 = λ' , pij
1
, p
ij
2
 and  P**  is obtained .That is the new  
k' treatments in each block can be obtained from   
                               ti = ti '+ v'   
       where ,  ti ' , is the treatments of the corresponding  BIB design in 
each block. 
     Proof :- Construct  BIB designs with repeated blocks from any method 
discussed in Chapter 2 . Let the parameters of this design are v' , b' , r',  
k' ,λ '  and  P** 
          Consider a block , say  bj   having  k' treatments , now  add v  
treatments  to each treatment in the block and keep the original k' 
treatments along with  k' more treatments in another block so as to get 
2k' treatment in one block . Repeat this process to each of  bj  block .  
                 Since, each treatment of a BIB design with repeated blocks is   
replaced by group of treatments ,that is , the group being disjoint and of 
the same size , hence using the well known result of  the Bose and 
Connor (1952) ,the resulting design will be  Singular  Group Divisible  
design with repeated blocks having parameters :      
              v = 2 v', b = b', r = r', k =2k',m = v', n = 2,  λ1 = r', λ2 = λ' , 
p
ij
1
, p
ij
2
 and  P**  .  
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3.3  Singular Group Divisible Designs with repeated blocks  
using  BIBD-RB (discussed in Section – 2.3-2.4)  
Example:-3.3.1( Solution 1)  Let us consider a BIBD-RB (which is 
discussed  in  Ex.2.3.1 )  with  parameters : v'= 9,b'=24, r'=8,k'= 3,  
λ'=2 ,P**=3.        
                 
                 1  4  7  1  2  3  1  2  3  1  2  3  1  4  7  4  5  6  7  8  9  1  2  3   
               2  5  8  4  5  6  6  4  5  5  6  4  2  5  8  7  8  9  1  2  3  4  5  6       
                                     3  6  9  7  8  9  8  9  7  9  7  8  3  6  9  2  3  1  5  6  4  8  9  7              
                           
                   Consider a block ,say  bj   having  k' treatments , now  add v'  
treatments  to each treatment  in the block and keep the original k' 
treatments along with k' more treatments in another block so as to get 
2k' treatments in one block . Repeat this process to each of  bj  block  . 
                  Following the Theorem –3.2 ,the resulting design is a new  
Singular  Group Divisible  Design with repeated blocks having 
parameters: v =18, b = 24 ,r = 8 , k = 6, m = 9, n = 2, λ1 = 8, λ2 =  2, 
P** = 3 and p
ij
1
 , p
ij
2
 , which is shown in Table-3.3.1(1). 
               Table-3.3.1(1)  
                
                   1  2  3  10 11  12   1  2  3  10  11  12  
                   4  5  6  13 14  15   4  5  6  13  14  15                                                                                                                       
                                          7  8  9  16 17  18   7  8  9  16  17  18            
                                       1   4  7  10  13  16   4  7  2   13  16   11    
                                       2   5  8  11  14  17   5  8  3   14  17   12 
                                       3   6  9  12  15  18   6  9  1   15  18   10   
                                       1   6  8  10  15  17   7  1  5   16  10   14   
                                       2   4  9  11  13  18   8  2  6   17  11   15   
                                       3   5  7  12  14  16   9  3  4   18  12   13   
                                       1   5  9  10  14  18   1  4  8   10  13   17    
                                       2   6  7  11  15  16   2  5  9   11  14   18      
                                       3   4  8  12  13  17   3  6  7   12  15   16                                
 
Dual :- Irregular ,  Complementary:-  r>10, 
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                                             Table 3.3.1 
 
From the Table of  comparison of frequency distribution of triplets of 
existing designs and new one design , one can say that the  SGD-RB 
design obtained above may  claimed to be the new isomorphic solution 
on the basis of comparison of frequency distribution of triplets of listed 
designs and new one to  S-39 of  Clatworthy (1973). 
 
Example:-3.3.1(Solution 2) Let us consider a BIBD-RB (discussed in 
Ex.2.4.1)  with  parameters : v'= 9, b'=24, r'=8, k'= 3, λ'=2, P**=2.   
              Consider a block ,say  bj   having  k' treatments , now  add v'  
treatments  to each treatment in the block and keep the original k' 
treatments along with  k' more treatments in another block so as to get 
2k' treatments in one block . Repeat this process to each of  bj block.  
Following the Theorem –3.2,the resulting design is a new  Singular  
Group Divisible  Design with repeated blocks having parameters:  
v =18, b = 24 ,r = 8 , k = 6,   m = 9, n = 2, λ1 = 8, λ2 =  2 ,  P** = 2 
and p
ij
1
 , p
ij
2
 , which is shown in Table-3.3.1(2). 
                                  
 
 
Frequency of 
Triplets Repeated 
New Solutions of S*-39 
  
Solution of listed 
Design S-39 
Occurs once  (1) 144 91 160 192 0 
Occurs once  (2) 168 191 160 144 240 
Occurs once  (3) 0 1 0 0 0 
Occurs once  (4) 0 1 0 0 0 
Total no. of Triplets 480 480 480 480 480 
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                                   Table:-3.3.1(2) 
 
            1 2  7 10  11 16   9  8  4  18  17 13 
             1  3  8  10  12  17  9  1   5  18  10 14  
             2  4  9  11  13  18  9  2   6  18  11 15     
             2  3  5  11  12  14  9  3  7  18 12 16    
             3  4  6  12  13  15  8  2   3  17  11 12 
               4  5  1  13  14  10  1  3   4  10  12 13  
    5  6  7  14  15   16  2  4   5  11  13 14  
    6  8  2  15  17   11  2  4   5  11  13 14   
    7  9  3 16 18  12   3  5   6  12  14 15  
   7   8  4 16  17  13   4  6   7  13  15 16 
    8   9  5 17  18  14   6  8   1  15  17 10  
    9   1  6 18  10  15  7  1  2  16  10 11  
                 
 Dual :- Irregular  
Complementary:-  r>10, 
          The  SGD-RB design obtained above may  claimed to be the new 
isomorphic solution on the basis of comparison of frequency Distribution 
of Triplets of listed designs and new one to  S-39 of  Clatworthy (1973). 
Example:-3.3.1(Solution 3) Let us consider a BIBD-RB (discussed in 
Ex.2.5.1 )  with  parameters : v'= 9, b'=24, r'=8, k'= 3, λ'=2, p**=3  .   
               Consider a block ,say  bj   having  k' treatments , now  add v'  
treatments  to each treatment  in the block and keep the original k' 
treatments along with k' more treatments in another block so as to get 
2k' treatments in one block . Repeat this process to each of  bj  block  . 
              Following  the Theorem –3.2 ,the resulting design is a new 
Singular Group Divisible Design with repeated blocks having parameters: 
 v =18,b =24 ,r = 8 , k = 6,   m = 9, n = 2, λ1 = 8, λ2 =  2 ,  P** = 3 
and p
ij
1
 , p
ij
2
 , which is shown in Table-3.3.1(3). 
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                                    Table-3.3.1(3) 
  
  9   8  4  18  17  13  4  7   1  13  16   10 
  9  1  5  18  10 14  7  2   5  16  11   14 
  9  2  6  18  11 15  2  4   8  11  13   17 
          9   3  7  18  12  16  5  8   3  14  17   12    
          8   2  3  17  11  12  8  1   6  17  10 15   
       1   3  4  10  12  13 1  5   9  10   14 18  
          2   4  5  11  13  14  6  9   2  15  18 11    
                  3   5   6  12 14  15   9  3   4  18   12 13 
          4   6   7  13 15  16  3  6   7   12  15  16  
          5   7   8  14 16  17  2  1   3   11  10  12  
          6   8  1  15 17 10  4  5   6   13  14  15  
          7   1   2  16 10  11  7  8   9   16  17  18   
 
Dual :- Irregular  
Complementary:-  r>10, 
          The  SGD-RB design obtained above may  claimed to be the new 
isomorphic solution on the basis of comparison of frequency Distribution 
of Triplets of listed designs and new one to S-39 of Clatworthy (1973). 
Example:-3.3.2(Solution 1) Let us consider a BIBD-RB (which is 
discussed in Ex.2.3.2)with parameters:  v'= 16, b'=40, r'=10, k'=4,λ '=2, 
P**=4.    
             Consider a block ,say  bj   having  k' treatments , now  add v'  
treatments  to each treatment  in the block and keep the original k' 
treatments along with k' more treatments in another block so as to get 
2k' treatments in one block . Repeat this process to each of  bj  block  . 
            Following  the Theorem –3.2 ,the resulting design is a new SGD  
Design with repeated blocks having parameters: v =32, b = 40 ,r =10 , 
k = 8 , m = 16, n = 2, λ1 = 10, λ2 = 2, P** = 4 and pij
1
 , p
ij
2
 ,which is 
shown in Table-3.3.2(1). 
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                                          Table:-3.3.2(1)  
               16  2   7  12 16  3   8  13 16  4   9  14 16  5 10 15 16  6  11  1  
                 1  4   9   14  2   5  10 15  3   6  11  1   4   7 12  2   5   8  13 3  
                 6  5  10  15  7   6  11   1  8   7  12  2   9   8 13  3  10  9  14  4 
               11 13   3   8 12 14  4    9 13 15  5  10 14  1   6 11 15  2   7  12 
               32 18 23  28 32 19 24 29 32 20 25 30 32 21 26 31 32 22 27 17 
               17 20 25  30 18 21 26 31 19 22 27 17 20 23 28 18 21 24 29 19 
               23 21 26  31 23 22 27 17 24 23 28 18 25 24 29 19 26 25 30 20 
               27 29 19  24 28 30 20 25 29 31 21 26 30 17 22 27 31 18 23 28 
            2  3  4   5  15  7   8  9  10  6  12 13 14  1  11 16 16 16 16 16 
                5 15  2   3  4  10  6   7   8   9   1  11 1213  14 15  2   3   4   5   
                8   9  10 6   7 13 14  1  11 12  3   4   5  15  2   6   7   8   9  10  
                9  10  6  7   8  14  1 11 12 13  4   5  15  2   3  11 12 13 14  1 
               18 19 20 21 31 23 24 25 26 22 28 29 30 17 27 32 32 32 32 32   
               21 31 18 19 20 26 22 23 24 25 17 27 28 29 30 31 18 19 20 21 
               24 25 26 22 23 29 30 17 27 28 19 20 21 31 18 22 23 24 25 26 
               25 26 22 23 24 30 17 27 28 29 20 21 31 18 19 27 28 29 30 17 
      
Dual :- Irregular  
Complementary:-  r>10, 
       The  SGD-RB design obtained above may  claimed to be the new 
isomorphic solution  to S-76 of Clatworthy (1973). 
Example:-3.3.2 (Solution 2) Let us consider a BIBD-RB ( discussed in 
Ex.2.4.2 )  with  parameters :   v'= 16 ,b' = 40 ,r'=10 , k' = 4 , λ ' = 2 , 
P** = 2.  
             Consider a block ,say  bj   having  k' treatments , now  add v'  
treatments  to each treatment  in the block and keep the original k' 
treatments along with k' more treatments in another block so as to get 
2k' treatments in one block . Repeat this process to each of  bj  block  . 
            Following  the Theorem –3.2 ,the resulting design is a new  
SGD  Design with repeated blocks having parameters:  
        v =32, b = 40 ,r = 10 , k = 8 , m = 16, n = 2, λ1 = 10, λ2 = 2 ,  
P** = 2 and p
ij
1
 , p
ij
2
 ,which is shown in Table-3.2.2(2). 
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                                                        Table:-3.2.2(2) 
                 1   2   3   4  2   1  2   3   4   7  6   7   8   9 12 11 12 13 14  5  
                          6   7   8   9   3   3  4   6  6   8  8   9  11 11 13 13 14  1   1 10 
            11 10 13 14 11  4 13  14  7   1  9   3   4  12  6 14  8   9   2 15  
           5  12 15 16 16 12  5 10 15 16  2   5  10 15 16  7   5  1015 16   
                         17 18 19 20 18 17 18 19 20 23 22 23 24 25 28 27 28 29 30 21  
         22 23 24 25 19 19 20 22 22 24 24 25 27 27 29 29 30 17 17 26 
          27 26 29 30 27 20 29 30 23 17 25 19 20 28 22 30 24 25 18 31 
         21 28 31 32 32 28 21 26 31 32 18 21 26 31 32 23 21 26 31 32 
                    
                        16 16 16 16 16 15  1    2  3   4   5  6   7    8   9 10 11 1213 14 
              15  1   2   3   4  4   5   6   7   8   9 10 11  12 13 14 15  1  2   3                         
5  6   7  8   9 12 13  14  15  1   2   3  4    5   6   7  8   9 10 11 
                        10 11 12 13 14 13 14 15  1   2   3  4   5   6   7   8  9  10 11 12 
              32 32 32 32 32 31 17 18  19 20  21 22 23 24 25 28 27 29 30 21 
      31 1718 19 20 20 21  22  23 24 25 26 27 28 29 30 31 17 18 19 
       21 2223 24 25 28 29  30  31 17 18 19 20 21 22 23 24 25 26 27 
      26 2728 29 30 29 30  31  17 18 19 20 21 22 23 24 25 26 27 28  
 
    
Dual :- Irregular  
Complementary:-  r>10, 
The  SGD-RB design obtained above may  claimed to be the new 
isomorphic solution  to S-76 of Clatworthy (1973). 
       
            Example:-3.3.3(Solution 1) Let us consider a BIBD-RB (which is 
discussed in Ex.2.3.3 ) with  parameters : v'=25,b'=60,r'=12,k'=5, λ'=2, 
P**=5.   
                  Consider a block ,say  bj   having  k' treatments , now  add v'  
treatments  to each treatment  in the block and keep the original k' 
treatments along with k' more treatments in another block so as to get 
2k' treatments in one block . Repeat this process to each of  bj  block  .  
                       Following  the Theorem –3.2 ,the resulting design is a new          
Singular Group Divisible Design with repeated blocks having parameters: 
                            v =50, b= 60 ,r = 12 , k = 10 , m = 25, n = 2, λ1 = 12, λ2 = 2 ,  
P** = 5 and p
ij
1
 , p
ij
2
 ,which is shown in Table-3.3.3(1). 
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              Table-3.3.3(1) 
   
             25  5  10 15  20 25  1   2   3   4  25  1   2  3   4  25  1   2    3   4  25 1   2   3    4  25   1   2   3  4    
                  1   6  11 16  21  6   7   8   9   5   7   8   9  5   6   8   9   5    6   7   9  5    6  7    8   5    6  7   8   9                                                                             
2    7  12  17 22 12 13 14 10 11 14 10 1112 13 11 12 13 14 10 13 14 10 11 12 10 11 12 13 14 
                 3   8  13 18 23 18  9  15 16 17 16 17 18 19 15 19 15  16 17 18 17 18 19 15 16 15 16 17 18 19  
                 4   9  14 19 24 24 20 21 22 23 23 24 20 21 22 22 23  24 20 21 21 22 23 24 20 20 21 22 23 24  
   50 30 35 40 45 50 26 27 28 29 50 26 27 28 29 50 26  27 28 29 50 26 27 28 29 50 26 27 28 29                             
2631 36 41 46 31 32 33 34 30 32 33 34 30 31 33 34  30 31 37 34 30 31 32 33 30 31 32 33 34 
                27 32 37 42 47 37 38 39 35 36 39 35 36 37 38 36 37 38 39  35 38 39 35 36 37 35 36 37 38 39 
                28 33 38 43 48 43 34 40 41 42 41 42 43 44 40 44 40 41 42  43 42 43 44 40 41 40 41 42 43 44  
                29 34 39 44 49 49 45 46 47 48 48 49 45 46 47 47 48 49 45  46 46 47 48 49 45 45 46 47 48 49          
2   3   4  5  1   7   8    9  10  6  12 13 14 15 11 17 18 19 20 16 22 23 24 25  21   1   2   3  4    5                                                                      
5   1   2  3  4   10  6   7   8   9  15 11 12 13 14 20 16 17 18 19 25 21 22 23  24   6   7   8   9  10 
               13 14 15 11 12 18 19 20 16 17 23 24 25 21 22  3   4   5   1   2    8   9  10  6    7  11 12 13 14 15 
               14 15 1112 13 19 20 16 17 18 24 25 21 22 23   4   5   1   2   3    9  10  6   7    8  16 17 18 19 20 
                6   7   8   9  10 11 12 13 14 15 16 17 18 19 20 21 22 23 24  25   1   2   3  4    5  21 22 23 24 25     
               27 28 29 30 26 32 33 34 35 31 37 38 39 40 36 42 43 44 45 41 47  48 49 50 46  26 27 28 29 30 
               30 26 27 28 29 35 31 32 33 34 40 36 37 38 39 45 41 42 43 44 50  46 47 48 49  31 32 33 34 35 
               38 39 40 36 37 43 44 45 41 42 48 49 50 46 47 28 29 30 26 27 33  34 35 31 32  36 37 38 39 40 
               39 40 36 37 38 44 45 41 42 43 49 50 46 47 48 29 30 26 27 28 34  35 31 32 33  41 42 43 44 45  
               31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50 26 27 28  29 30  46 47 48 49 50                         
  
                         
Dual:- Not Listed , r>10 , K>10 
Complementary:- Not listed , r>10, k >10 . 
Example:-3.3.3(Solution 2) Let us consider a BIBD-RB (which is     
discussed in Ex.2.4.3) with parameters: v'= 25, b'= 60,r'=12,k'=5, λ'=2, 
P**=2.   
                         Consider a block ,say  bj   having  k' treatments , now  add v'  
treatments  to each treatment  in the block and keep the original k' 
treatments along with k' more treatments in another block so as to get 
2k' treatments in one block . Repeat this process to each of  bj  block  . 
                            Following  the Theorem –3.2 ,the resulting design is a new  
Singular Group Divisible Design with repeated blocks having parameters:  
                            v =50, b = 60 ,r = 12 , k = 10 , m = 25, n = 2 , λ1 = 12 , λ2 
= 2 , P** = 2 and p
ij
1
 , p
ij
2
, which is shown in Table-3.3.3(2). 
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                                                   Table-3.3.3(2) 
                  1  2    3   4    5   2   1  2  3   4   5   8  7  8   9  10 11 14 13 14 15 16 17 20 19 20 21  21 23  6      
                             7   8   9  10  11  3  3  4  5   7   7   9   9 10 11 13 13 15 15 16 17 19 19 21 21 22 23   1   1  12 
                     13 14 15 16 17  7   4  5 10 11  8  13 10 11 16 17 14 19 16 17 22 23 20  1  22 23  4   5   2   18 
                  19 20 21 22 23 16  8  9 19 20 21 22 14 15  1   2   3   4  20  21 7   8   9  10  2   3  13 14 15  24  
                  25  6 12 18 24 24 17 25  6 12 18 24  23 25 6  12 18 24  5  25  6  12 18 24 11 25  6  12 18  25 
                  26 27 28 29 30 27 26 27 28 2930 33 32 33 3435 36 39 3839 40 41 42 45 44 45 46 46 48   31 
                  32 33 34 35 36 28 28 29 30 32 32 34 34 353638 38 40 40 41 42 44 44 46 46 47 48 26 26  37 
                  38 39 40 41 42 32 29 30 35 36 33 38 35 364142 39 44 41 42 47 48 45 26 47 48 29 30 27  43 
                  44 45 46 47 48 41 33 34 44 45 46 47 39 40 26 27 28 2945 46 32 33 34 35 27 28 38 39 40 49 
                  50 31 37 43 49 49 42 50 31 37 43 49 48 50 31 37 43 4930 50 31 37 43 49 36 50 31 37 43 50 
                  25 25 25 25 25 25  24  1  2   3  4   5   6   7   8   9  10 1112 13 14 15 16 17 1819  20  21 22 23  
                         24  1   2  3    4   5  13 14 15 16 17 18 19 20 2122 23 24  1  2   3   4   5   6   7  8    9   10 11 12 
                      6   7   8  9  10  11 14 15 16 1718 19 20 21 2223 24  1   2   3  4   5   6   7    8  9   10  11 12 13   
                     12 13 1415 16  17 17 18 19 20 21 22 23 24  1  2  3   4   5   6  7   8   9  10 11 12  13  14 15 16    
                  18 1920 21 22  23 22 23 24  1  2   3   4   5   6   7  8   9 10 11 12 13 14 15 16 17  18  19 20 21     
                      50 5050 5050  50 49 26 27 28 29 30 3132 33 3435 36 37 38 39 40 4142 43 44   45  46 47 48  
                      49 26 27 28 29 30 38 39 40 41 42 43 44 45 46 47 48 49 26 27 28 2930 3132 33  34  35 36 37 
                      31 32 33 34 35 36 39 40 4142 43 44 45 46 47 48 49 26 27 28 29 30 31 32 33 34 35 36  37 38 
                        37 38 39 40 4142 42 43 44 45 46 47 48 49 26 27 28 29 30 31 32 33 34 35 36 37 38 39  40 41 
                      43 44 45 46 47 48 47 48 4926 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43 44  45 46 
 
            Dual:- Not Listed , r>10 , K>10 
           Complementary:- Not listed , r>10, k >10 . 
 
3.4  Singular Group Divisible Designs with Repeated Blocks    
(Discussed in Section –2.5-2.6) 
  
Example:- 3.4.1 Let us consider a BIBD-RB (which is discussed  in  
Ex.2.5.2 )  with  parameters : v'= 15,b'=70, r'=14,k'=3,λ '=2, P**=5. 
           Consider a block ,say  bj   having  k' treatments , now  add 
v'  treatments  to each treatment  in the block and keep the original k' 
treatments along with k' more treatments in another block so as to get 
2k' treatments in one block . Repeat this process to each of  bj  block  . 
Following  the Theorem –3.2 ,the resulting design is a new  Singular  
Group Divisible  Design with repeated blocks having parameters: v =30,  
b = 70 , r = 14 , k = 6 , m = 15, n = 2, λ1 = 14, λ2 = 6 , P** = 5 
and p
ij
1
 , p
ij
2
 ,which is shown in Table-3.4.1(1). 
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                                  Table:- 3.4.1 
 
         15  5  10  30  20  25  15  5   10  30  20  25     
           1    6  11  16  21  26  1   6   11  16  21  26     
           2    7  12  17  22  27  2   7   12  17  22  27   
                                 3    8  13  18  23  28  3   8   13  18  23  28   
           4    9  14  19  24  29  4   9   14  19  24  29 
           15  1    4  30  16  19  2   5    6   17  20  21    
            1   2    5  16  17  20  3   1    7   18  16  22      
            2   3    6  17  18  21  4   2    8   19  17  23 
            3   4    7  18  19  22  5   3    9   20  18  24 
            4   5    8  19  20  23  1   4   10  16  19  25  
            5   6    9  20  21  24  7  10  11  22  25  26  
            6   7   10 21  22  25  8   6   12  23  21  27   
            7   8   11 22  23  26  9   7   13  24  22  28  
            8   9   12 23  24  27 10  8   14  25  23  29  
            9  10  13 24  25  28   6   9  15  21  24  30   
           10 11  14 25 26  29   12 15   1  27  30  16  
           11 12  15 26 27  30   13 11  2  28   26  17 
           12 13   1  27 28  16   14 12  3  29   27  18 
           13 14   2  28 29  17   15 13  4  30   28  19 
           14 15   3  29 30  18   11 14  5  26   29  20  
           15  2    8  30 17  23    3   4   6  18   19  21   
            1   3    9  16 18  24    4   5   7  19   20  22   
            2   4  10  17 19  25    5   1   8  20   16  23 
            3   5  11  18 20  26    1   2   9  16   17  24 
            4   6  12  19 21  27    2   3  10 17   18  25  
            5   7  13  20 22  28    8   9  11 23   24  26 
            6   8  14  21 23  29    9  10 12 24   25  27 
            7   9  15  22 24  30   10  6  13  25  21  28  
            8  10  1   23 25  16    6   7  14  21  22  29 
            9  11  2   24 26  17    7   8  15  22  23  30 
           10 12  3   25 27  18   13 14   1  28  29  16  
           11 13  4   26 28  29   14 15   2  29  30  17 
           12 14  5   27 29  20   15 11   3  30  26  18  
           13 15  6   28 30  21   11 12   4  26  27  29   
             14  1   7   29 16  22   12 13   5  27  28  20     
            
Remark:-  All the design  which are  having  r > 10  and or  k>10 ,   
are not listed  in Clatworthy (1973) , so they  all seem to be  new  
design. 
Example :-3.4.2 Let us consider a BIBD-RB (which is discussed  in  
Ex.2.6.1 ) with parameters :v'= 7,b'=14, r'=6,k'=3, λ '=2,  P**=7.        
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 Consider a block ,say  bj   having  k' treatments , now  add v'  
treatments  to each treatment  in the block and keep the original k' 
treatments along with k' more treatments in another block so as to get 
2k' treatments in one block .Repeat this process to each of  bj  block  .  
           Following  the Theorem –3.2 , the resulting design is a new  
SGD    design with repeated blocks having  parameters: v =14, b = 14 , 
r = 6 , k = 6 , m=7, n = 2, λ1 = 6, λ2 =2 , P** =7  and pij
1
 , p
ij
2
 ,which 
is shown in Table-3.4.2(1). 
                   Table-3.4.2(1) 
   
  7    1    2    3    4    5    6     3     4    5     6     7    1     2 
  1    2    3    4    5    6    7     4     5    6     7     1    2     3 
  3    4    5    6    7    1    2     6     7    1     2     3    4     5 
 14   8    9   10  11  12  13   10   11  12  13   14   8    9 
  8    9   10   11 12  13  14   11   12  13  14    8    9   10 
 10  11  12  13  14   8    9    13   14   8    9    10  11  12   
 
Dual :-Truly Self Dual   S-33 (Clatworthy 1973) 
Complementary :- S-60 (Clatworthy 1973 ) 
Example :-3.4.2 Let us consider a BIBD-RB (which is discussed  in 
Ex.2.6.2) with parameters: v'=13, b'=52, r'=12, k'=3, λ'=2, P**=13.        
  Consider a block ,say  bj   having  k' treatments , now  add v'  
treatments  to each treatment  in the block and keep the original k' 
treatments along with k' more treatments in another block so as to get 
2k' treatments in one block . Repeat this process to each of  bj  block  . 
                       Following  the Theorem –3.2 ,the resulting design is a 
new  Singular  Group Divisible  Design with repeated blocks having 
parameters: v =26, b = 52 , r = 12 , k = 6 , m = 13, n = 2, λ1 = 8 , λ2 
= 2 ,  P** = 13  and p
ij
1
 , p
ij
2
,which is shown in Table-3.4.2(2). 
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                                          Table:- 3.4.2 (2) 
                   1   2   3   4   5   6   7   8   9  10  11 12 13  2  3   4   5  6   7   8   9  10 11 1213  1 
                   3   4   5   6   7   8   9  10 11 12  13  1   2   6  7   8   9 10 11 12 13  1   2   3  4   5 
                   9  10 11 12 13  1   2   3   4   5    6   7   8   5  6   7   8  9  10 11 12 13  1   2  3   4 
                  14 15 16 17 18 19 20 21 22 23  24 25 26 1516 1718 19 20 21 22 23 24 2526 14  
                  16 17 18 19 20 21 22 23 24 25 26  14 15 19 202122 23 24 25 26 14 15 1617 18 
                  22 23 24 25 26 14 15 16 17 18 19 20 21  18 192021 22 23 24 25 2614 15 16 17 
                   1   2    3   4   5   6  7   8   9  10  11 12 13 13  1  2  3   4  5   6   7   8   9  10 11 12     
                   3   4    5   6   7   8  9  10 11 12  13 1   2    1   2  3  4   5  6   7   8   9  10 11 12 13               
                   9  10  11 12 13  1  2   3   4   5    6  7   8    4   5  6  7   8  9  10 11 12 13  1   2    3 
                  14 15  16 17 1819 20 21 22 23  24 25 26 26 141516 1718 19 20 21 22 23 24 25 
                  16 17 18  19 20 21 22 23 24 25 26 14 15 14 151617 1819 20 21 22 23 24 25 26 
             22 23 24  25 26 14 15 16 17 18 19 20 21 17 181920 2122 23 24 25 26 14 15 16   
 
            Dual:- Not Listed , r>10 , K>10 
           Complementary:- Not listed , r>10, k >10 . 
Remark:-  The design  which are  having  r > 10  and or  k>10 ,   are 
not  listed  in Clatworthy (1973) , so they  all seem to be  new  design. 
 
3.5  Singular Group Divisible Designs with Repeated  Blocks          
(Discussed in Section –2.7-2.10) 
 
Example :-3.5.1( Solution -1) Let us consider a BIBD-RB (which is   
discussed in  Ex.2.7.1 )with parameters : v'=6,b'=20,r'=10,k'=3, λ'=4  , 
P**=6.        
  Consider a block ,say  bj   having  k' treatments , now  add v'  
treatments  to each treatment  in the block and keep the original k' 
treatments along with k' more treatments in another block so as to get 
2k' treatments in one block . Repeat this process to each of  bj  block. 
Following  the Theorem–3.2 ,the resulting design is a new  Singular  
Group Divisible  Design with repeated blocks having parameters: v =12, 
b = 20 , r =10 , k = 6, m = 6, n = 2, λ1 = 10 , λ2 = 4,  P** = 6  and 
p
ij
1
 , p
ij
2
 ,which is shown in Table-3.5.1(1). 
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                                          Table-3.5.1(1) 
                      6   6   6   6    6   5   1   2   3    4   1   3   4   6   1   3   2   4   5   6 
                   5   1   2   3    4   4   5   1   2    3   3   4   5   4   5   2   6   1   6   1 
                   1   2   3   4    5   2   3   4   5    1   5   2   2   5   2   6   1   3   3   4 
12 12 12 12  12 11  7   8   9  10   7   9  10 12  7   9   8  10 11 12              
11  7   8   9   10 10 11  7   8   9    9  10 11 10 11  8  12  7  12  7 
                   7   8   9  10  11  8   9  10  11  7  11   8   8  11  8  12  7   9   9  10 
  
Dual :- Irregular   
Complementary :- Truly self complementary 
Remark:- Comparison of frequency distribution of triplets of existing 
designs and new one design , one can say that the  SGD-RB design 
obtained above may  claimed to be the new isomorphic solution on the 
basis of comparison of frequency distribution of triplets of listed designs 
and new one to  S-31 of  Clatworthy (1973). 
Example :-3.5.1 ( Solution -2) Let us consider a BIBD-RB ( which    is 
discussed in Ex.2.8.1) with parameters : v'= 6, b'=20, r'=10,k'=3, λ'=4,      
  P**=4.        
  Consider a block ,say  bj   having  k' treatments , now  add v'  
treatments  to each treatment  in the block and keep the original k' 
treatments along with k' more treatments in another block so as to get 
2k' treatments in one block . Repeat this process to each of  bj  block  . 
            Following  the Theorem –3.2 ,the resulting design is a new  
Singular Group Divisible  Design with repeated blocks having 
parameters: 
            v =12, b = 20 , r = 10 , k = 6 , m = 6, n = 2, λ1 = 10 , λ2 = 4,  
P** = 4  and p
ij
1
 , p
ij
2
 ,which is shown in Table-3.5.1(2). 
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                                                Table-3.5.1(2)    
                 1   2   5   3   4   5   6   3   1   6   6   6   6   6   6   5   1   2   3   4 
           3   4   6   1   1   2   3   4   4   2   5   1   2   3   4   1   2   3   4   5  
           6   6   1   2   2   3   4   5   5   5   1   2   3   4   5   3   4   5   1   2  
           7   8  11  9  10 11 12  9   7  12 12 12 12 12 12  11  7   8   9  10  
           9  10 12  7   7   8    9  10 10  8  11  7   8   9  10  7   8   9  10 11 
          12 12  7   8   8   9  10  11 11 11  7   8   9  10 11  9  10 11  7   8  
 
Dual :- Irregular   
Complementary :- Truly self complementary 
Remark:- Comparison of frequency distribution of triplets of existing 
designs and new one design , one can say that the  SGD-RB design 
obtained above may  claimed to be the new isomorphic solution on the 
basis of comparison of frequency distribution of triplets of listed designs 
and new one to  S-31 of  Clatworthy (1973). 
 
Example :-3.5.2( Solution -1) Let us consider a BIBD-RB (which is 
discussed  in  Ex.2.7.2 )  with  parameters : v'=8,b'=28,r'=14,k'=4,λ'=6,  
P**=3.        
              Consider a block ,say  bj   having  k' treatments , now  add v'  
treatments  to each treatment  in the block and keep the original k' 
treatments along with k' more treatments in another block so as to get 
2k' treatments in one block . Repeat this process to each of  bj  block  .  
              Following  the Theorem –3.2 ,the resulting design is a new  
Singular Group Divisible Design with repeated blocks having parameters: 
v =16, b = 28 , r = 14 , k = 8 , m = 8, n = 2, λ1 = 14 , λ2 = 6, P** = 3  
and p
ij
1
, p
ij
2
, which is shown in Table-3.5.2(1). 
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                                             Table-3.5.2(1) 
  8   8    8  8   8   8    8  1   2   3   4   5   6   7    6  4   4   4  7    7   7   8   1    1   2   2    5   3  
  1   2     3  4   5   6   7   2   3   4   5   6   7   1   4   7   7   8   1   8   8   1   5    2   5   5    3   6 
  2   3    4   5   6   7   1   3   4   5   6   7   1   2   8   1   8   2   5   1   2   2   3    3   6   3    6   4 
  4   5    6   7   1   2   3   5   6   7   1   2   3   4   1   2   5   3   6   3   6   5   4    6   4   7    8   7   
 16 16  16 16  16 16 16  9  10 11 12 13 14 15 14 12 12 12 15 15 15 16  9   9  10 10 13  11 
  9  10  11 12  13 14 15 10 11 12 13 14 15  9  12 15 15 16  9  16 16  9  13 10 13 13 11  14  
 10 11 12  13 14  15  9  11 12 13 14 15  9  10 16  9  16 10 13  9  10 10 11 11 14 11 14  12 
 12 13 14  15  9  10  11 13 14 15  9  10 11 12  9  10 13 11 14 11 14 13 12 14 12 15 16  15   
  
Dual :- Irregular   
Complementary:- Complimentary but not  truly self  complementary 
Example :-3.5.2( Solution -2) Let us consider a BIBD-RB (which is 
discussed  in  Ex.2.8.2 ) with  parameters:v'=8,b'=28,r'=14,k'=4,λ'=6,   
P**=4.        
 Consider a block ,say  bj   having  k' treatments , now  add v'  
treatments  to each treatment  in the block and keep the original k' 
treatments along with k' more treatments in another block so as to get 
2k' treatments in one block . Repeat this process to each of  bj  block  . 
Following  the Theorem –3.2 ,the resulting design is a new  Singular  
Group Divisible  Design with repeated blocks having parameters: v =16, 
b = 28 , r = 14 , k = 8 , m = 8, n = 2, λ1 = 14 , λ2 = 6,  P** = 4  and 
p
ij
1
 , p
ij
2
 ,which is shown in Table-3.5.2(2). 
                                        Table-3.5.2(2) 
       1   2   3   4   8   5   8    6   7   2   1   8  3    4   8    8   8  8   8   8   8  1   2   3   4    5   6   7       
       5   7   6   7   1   1   2    3   1   5   3   2   6   5   1   2   3   4   5   6   7   2   3   4   5   6   7   1     
       6   8   1   2   3   2   3    4   4   6   5   4   7   7   2   3   4   5   6   7   1   3   4   5   6   7   1   2     
       8   1   2   3   4   4   5    5   6   7   7   6   8   8   4   5   6   7   1   2   3   5   6   7   1   2   3   4       
       9  10 11 12 16 13  16 14 15 10  9 16 11 12 16 16  16 1616 16 16  9  10  11 12 13 14 15   
      13 15 14 15  9   9   10 11  9  13 11 10 14 13  9  10  11 1213 14 15 10 11 12 13 14 15  9     
      14 16  9  10 11 10  11 12 12 14 13 12 15 15 10 11 12  1314 15  9  11 12 13 14 15  9  10   
      16  9  10 11 12 12  13 13 14 15 15 14 16 16 12 13 14  15 9  10 11 13 14 15  9  10 11 12      
 
               
Dual :- Irregular   
Created by Neevia Document Converter trial version http://www.neevia.com
 75 
Complementary :- Complimentary but not  truly self complementary 
     
Example :-3.5.2( Solution -3) Let us consider a BIBD-RB (which is 
discussed in Ex.2.10.1 ) with  parameters : v'= 8, b'= 28,  r' =14, k'= 4, 
λ'=6  , P**=8.        
  Consider a block ,say  bj   having  k' treatments , now  add v'  
treatments  to each treatment  in the block and keep the original k' 
treatments along with k' more treatments in another block so as to get 
2k' treatments in one block . Repeat this process to each of  bj  block  . 
                Following  the Theorem –3.2 ,the resulting design is a new  
Singular  Group Divisible  Design with repeated blocks having 
parameters: v =16,  b = 28 , r = 14 , k = 8 , m = 8, n = 2, λ1 = 14 , λ2 
= 6,  P** = 8 and p
ij
1
 , p
ij
2
 ,which is shown in Table-3.5.2(3). 
         Table-3.5.2(3) 
      8   8   8   8    8   8   8   1   2   3   4   5   6   7   8   8   8   8    8   8   8   4   2   1  2  4   4   4     
      1   2   3   4    5   6   7   2   3   4   5   6   7   1   1   2   3   4    5   6   7   6   6   5  1   1   2   2  
      2   3   4   5    6   7   1   3   4   5   6   7   1   2   2   3   4   5    6   7   1  5   3   3  6   6   5   1      
      4   5   6   7    1   2   3   5   6   7   1   2   3   4   4   5   6   7    1   2   3  7   7   7  5   3   3   7        
     16 16  16 16 16 16 16  9  10 11 12 13 14 15 16 16  16 16 16 16 16 12 10  9 10 12 12 12   
      9  10  11 12 13 14 15 10 11 12 13 14 15  9   9  10  11 12 13 14 15 14 14 13 9   9  10 10   
     10 11 12  13 14 15  9  11 12 13 14 15  9  10 10 11 12  13 14 15  9  13 11  1 14 14 13  9  
     12 13 14  15  9  10 11 13 14 15  9  10 11 12 12 13 14  15  9  10 11 15 15 1513 11 11 15       
    
Dual :- Irregular   
Complementary :- Complimentary but not  truly self complementary 
  
                  Example :-3.5.3 ( Solution –1 )  Let us consider a BIBD-RB ( discussed  
in  Ex.2.8.1 ) with  parameters : v'=10,b'=36,r'=18,k'=5, λ'=8,P**=1.        
 Consider a block ,say  bj   having  k' treatments , now  add v'  
treatments  to each treatment  in the block and keep the original k' 
treatments along with k' more treatments in another block so as to get 
2k' treatments in one block . Repeat this process to each of  bj  block  .  
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          Following  the Theorem –3.2 ,the resulting design is a new  SGD  
Design with repeated blocks having parameters:v =20, b = 36, r = 18 , 
k = 10 , m = 10, n = 2, λ1 = 18, λ2 = 8,  P** = 1 and pij
1
 , p
ij
2
 ,which 
is shown in Table-3.5.3(1). 
                                         Table-3.5.3(1) 
                     
                      10 10 10 10 10  10 10 10 10  9   1  2   3   4   5   6    7   8                
               9   1   2   3   4    5   6   7  8   1   2   3   4   5   6   7    8   9  
      1   2   3   4   5    6   7   8   9  2   3   4   5   6   7   8    9   1 
       4   5   6   7   8    9   1   2   3   4   5   6   7   8   9   1   2    3 
       6   7   8   9   1    2   3   4   5   8   9   1   2   3   4   5    6   7  
                     20 20 20 20 20  20 20 20 20 19 11 12 13 14 15 16 17 18 
   1911 12 13 14  15 16 17 18 11 12 13 14  15 16 17 18 19 
   1112 13 14  15 16 17 18 19 12 13 14 15 16 17 18  19  1 
   1415 16 17  18 19 1112 13  14 15 16 17 18 19  11 12 13 
   16 17 18 19 11 12 13 1415 18  19 11 12 13 14  15 16 17  
                      1   2   3   3   4   4   3   5   4   7   5   6   7   8  10  1   9  10 
                 3   3   4   4   5   5   5   6   6   8   8   9   9   9   1   2   1   2   
                      4   6   5   6   7   6   6   7   7  10  9  10 10 10  2   3   2   3  
                      5   9   7   8   1   8   7   8   8   1   2   1   2   2   5   6   7   4    
                      9  10 10  1   2   2   9  10  9   3   3   4   4   4   6   7   8   8 
   1112 13 13 14 14 13 15 14 17 15 16 17 18 20 11 19 20 
   1313 14 14 15 15 15 16 16 18 18 19 19 19 11 12 11 12 
   14 16 15 16 1716 16 17 17 10 19 20 20 20 12 13 12 13 
   15 19 17 18 1118 17 18 18 11 12 11 12 12 15 16 17 14 
   19 20 20 11 12 1219 20 19 13 13 14 14 14 16 17 18 18 
 
Dual :- Not Listed ,  
 
Complementary :- Complimentary but not  truly self   complementary 
 
Example :-3.5.3( Solution -2) Let us consider a BIBD-RB (which is 
discussed  in  Ex.2.8.3 ) with parameters : v'=10, b'=36, r'=18, k'=5, 
λ'=8,P**=2.        
        Consider a block ,say  bj   having  k' treatments , now  
add v'  treatments  to each treatment  in the block and keep the original 
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k' treatments along with k' more treatments in another block so as to 
get 2k' treatments in one block . Repeat this process to each of  bj  
block  . Following  the Theorem –3.2 ,the resulting design is a new  SGD  
design with repeated blocks having parameters:  
  v =20, b = 36, r = 18 , k = 10 , m = 10, n = 2, λ1 = 18, λ2 = 8,   P** 
= 2 and p
ij
1
 , p
ij
2
 ,which is shown in Table-3.5.3(2). 
                                           Table-3.5.3(2) 
 
                      10  9   8   8   7   7  8    6   7   4   6   5   4   3   1  10  2    1    
                      8    8   7   7   6   6  6    5   5   3   3   2   2   2  10  9   10  9     
                      7    5   6   5   4   5  5    4   4   1   2   1   1   1   9   8    9   8     
                      6    2   4   3  10  3  4    3   3  10  9  10  9  10  6   5    4   7     
                      2    1   1  10  9   9   2   1   2   8   8   7   7   6   5   4   3    3        
   20 19 18 18 17 17 18 16 17 14 16 15 14 13 11 20 12 11 
   18 18 17 17 16 16 16 15 15 13 13 12 12 12 20 19 20 19 
   17 15 16 15 14 15 15 14 14 11 12 11 11 11 19 18 19 18 
                  16 12 14 13 20 13 14 13 13 20 19 20 19 20 16 15 14 17 
   12 11 11 20 19 19 12 11 12 18 18 17 17 16 15 14 13 13   
                      10 10 10 10 1010 10 10 10  9    1   2   3   4   5   6  7    8 
                       9   1   2   3   4   5   6   7   8   1   2   3   4   5   6   7  8    9 
                       1   2   3   4   5   6   7   8   9   5   6   7   8   9   1   2  3    4 
                       4   5   6   7   8   9   1   2   3   7   8   9   1   2   3   4  5    6   
                       6   7   8   9   1   2   3   4   5   8   9   1   2   3   4   5  6    7 
   20 20 20 20 20 20 20 20 20  19 11 12 1314 15 16 17 18   
  19 11 12 13 14 15 16 17 18  11 12 131415  16 17 18 19  
  11 12 13 14 15 16 17 18 19 15 16 17 18 19 11 12 13 14 
  14 15 16 17 18 19  1112 13 17 18 19 11 12 13 14  15 16 
  16 17 18 19 11 12 1314 15  18 19 11 12 13 14 15 16 17          
  
Dual :- Not Listed ,  
 
Complementary :- Complimentary but not  truly self complementary. 
 
Example :-3.5.3( Solution -3) Let us consider a BIBD-RB (which is 
discussed in Ex.2.10.3 )with parameters : v'=10,b'=36,r'=18, k'=5, λ'=8,  
P**=9.        
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        Consider a block ,say  bj   having  k' treatments , now  add v'  
treatments  to each treatment  in the block and keep the original k' 
treatments along with k' more treatments in another block so as to get 
2k' treatments in one block . Repeat this process to each of  bj  block  . 
         Following  the Theorem –3.2 ,the resulting design is a new  SGD  
design with repeated blocks having parameters: 
 v =20, b = 36, r = 18 , k = 10 , m = 10, n = 2, λ1 = 18, λ2 = 8,  P** = 
9  and p
ij
1
 , p
ij
2
,which is shown in Table-3.5.3(3). 
                            Table-3.5.3(3) 
  
                      10 10 10 10 1010 10 10 10  9    1   2   3   4   5   6   7   8 
                       9   1   2   3   4   5   6   7   8   1   2   3   4   5   6   7   8   9 
                       1   2   3   4   5   6   7   8   9   5   6   7   8   9   1   2   3   4 
                       4   5   6   7   8   9   1   2   3   7   8   9   1   2   3   4   5   6   
                       6   7   8   9   1   2   3   4   5   8   9   1   2   3   4   5   6   7 
   20 20 20 20 20 20 20 20 20  19 11 12 1314 15 16 17 18   
  19 11 12 13 14 15 16 17 18  11 12 131415  16 17 18 19  
  11 12 13 14 15 16 17 18 19 15 16 17 18 19 11 12 13 14 
  14 15 16 17 18 19  11 12 13 17 18 19 11 12 13 14 1516 
  16 17 18 19 11 12 13 14 15 18 19 11 12 13 14 15 16 17          
   10 10 10 10 10 10 10 10 10  1   2   3   4  1   2    1   1   1 
    9   1   2   3   4   5   6   7   8   2   3   4   5  5   6    3   2   2  
     6   7   8   9   1   2   3   4   5   3   4   5   6  6   7    7   4   3  
    5   6   7   8   9   1   2   3   4   4   5   6   7  7   8    8   8   5 
    2   3   4   5   6   7   8   9   1   6   7   8   9  8   9    9   9   9  
   20 20 20 20 20 20 20 20 20 1112 13 14 11 12  11 11 11 
   19 11 12 13 14 15 16 17 18 1213 14 15 15 16  13 12 12  
   16 17 18 19 11 12 13 14 15 1314 15 16 16 17  17 14 13 
   15 16 17 18 19 11 12 13 14 1415 16 17 17 18  18 18 15 
   12 13 14 15 16 17 18 19 11 1617 18 19 18 19  19 19 19 
 
Dual :- Not Listed  
 
Complementary :-  but not  truly self  complementary. 
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Example :-3.5.4( Solution –1 ) Let us consider a BIBD-RB (which is 
discussed  in  Ex.2.10.3 ) with parameters: v'=7, b'=21, r'=9,k'=3, λ'=3, 
P**=7.        
            Consider a block ,say  bj   having  k' treatments , now  add v'  
treatments  to each treatment  in the block and keep the original k' 
treatments along with k' more treatments in another block so as to get 
2k' treatments in one block . Repeat this process to each of  bj  block  . 
Following  the Theorem –3.2 ,the resulting design is a new  Singular  
Group Divisible  Design with repeated blocks having parameters: v =14, 
b = 21, r = 9 , k = 6 , m = 7, n = 2, λ1 = 9, λ2 = 3,  P**= 7  and pij
1
 , 
p
ij
2
 ,which is shown in Table-3.5.4 (1). 
                                           Table-3.5.4 (1) 
           
              4   2  3   4   1  4   2   5   6   3   4   2   5   6  7   1   2  3   4  5  6 
                6   5  5   6   3   5  6   7   1   7   2   3    1  3   1   2  3  4   5   6  7 
      7   7  6   7   7   1   1   2  2   1    3   4   4   5   5   6  7  1   2  3   4 
      11  9 10 11  8  11  9  1213  10 11  9  12 13 14  8   9 10 1112 13 
      13 121213  10 12 13 14 8  14   9  10  8  10  8  9  10 1112 1314 
       14141314  14  8   8    9  9   8   10 11 1112 12 13 14  8  9 10 11 
 
  
 Dual :- Irregular 
   
 Complementary :- SGD , having parameters: 
     v =14, b = 21, r = 12 , k = 8 , m = 7, n = 2, λ1 = 12, λ2 = 6,        
P**= 7   
Example :-3.5.5 Let us consider a BIBD-RB (which is discussed in  
Ex.2.9.2 ) with  parameters : v' =11, b' = 33 ,r' =15 , k' = 5,λ ' = 6, 
P**=1.        
        Consider a block ,say  bj   having  k'  treatments , now  add v'   
treatments  to each treatment  in the block and keep the original k'  
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treatments along with k'  more treatments in another block so as to get 
2k'  treatments in one block . Repeat this process to each of  bj  block  . 
         Following  the Theorem –3.2,the resulting design is a new  
Singular Group Divisible Design with repeated blocks having parameters: 
v =22, b = 33, r = 15 , k = 10 , m = 11, n = 2, λ1 = 15, λ2 = 6,  P**= 
1 and p
ij
1
 , p
ij
2
,  which is shown in Table-3.5.5 (1). 
             Table-3.5.5 (1)  
 
             11 9  5  6  4  22 20 16 17 15  4  3  2   1 11 15 14 13 12 22                      
                              10 8  6  4  3  21 19 17 15 14  3 11 10  7  5 14 22 21 18 16                      
                               7  5  4  3  1  18 16 15 14 12  2  1  1110 6  13 12 22 21 17                       
              9  7  6  3 11 20 18 17 14 22   2  1110  5  4 13 22 21 16 15                       
              9  8  5  4 10 20 19 16 15 21   1  10 9   6  3 12 21 20 17 14                       
              8  5  6  3 11 19 16 17 14 22   1  11 9   8  4 12 22 20 19 15                       
              7  6  4  2 10 18 17 15 13 21   2  10 9   8  3 13 21 20 19 14                       
              7  4  3  2  9 18 15 14 13 20    2  11 9   8  7 13 22 20 19 18                        
              5  3  2  1  8 16 14 13 12 19    1  11 10 8  7 12 22 21 19 18                        
              5  6  2  1  9 16 17 13 12 20    1  10  9  7  5 12 21 20 18 16                        
              6  4 1  8  7 1715 12 19 18  8   7  5  6  2  19 18 16 17 13                       
        11 2  3  4  8  22 13  14  15 19 
                                        1  3  4  5   9  12 14  15  16 20    
                                        2  4  5  6 10  13 15  16  17 21  
                                        3  5  6  7 11 14 16  17  18 22  
                                        4  6  7  8 1 15 17 18  19 12  
                                        5  7  8   9  2  16 18  19  20 13 
                                        6  8  9  10 3  17 19  20  21 14  
                                        7  9 10 11 4  18 20  21  22 15 
                                        8 10 11 1  5  19 21  22  12 16 
                                        9  11 1  2  6  20 22  12  13 17 
                                       10  1  2  3  7  21 12  13 14 18  
 
Dual :-Not listed  
   
Complementary :- SGD    
 
Example :-3.5.3 Let us consider a BIBD-RB (which is discussed  in  
Ex.2.10.3 ) with parameters :v'=12,b'=44,r'=22,k'=6, λ'=10,P**=12.        
 Consider a block ,say  bj   having  k' treatments , now  add v'  
treatments  to each treatment  in the block and keep the original k' 
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treatments along with k' more treatments in another block so as to get 
2k' treatments in one block . Repeat this process to each of  bj  block  . 
           Following  the Theorem –3.2 ,the resulting design is a new  SGD 
design with repeated blocks having parameters: v =24, b = 44, r = 22 , 
k = 12 , m = 12, n = 2, λ1 = 22, λ2 = 10,  P** = 12  and pij
1
 , p
ij
2
,  
which is shown in Table-3.5.3(3). 
     Table-3.5.3(3)  
                    
                     12 12 12 12 12 12 12 12 12 12 12  1   2    3   4   5   6    7   8   9 10 11      
                     11  1   2    3   4   5  6    7  8   9  10  3   4    5   6   7   8    9  10 11 1   2 
                      2   3   4    5   6   7  8    9  10 11 1   4   5    6   7   8   9   10 11  1  2   3  
                      3   4   5    6   7   8  9   10 11  1  2   5   6    7   8   9  10  11  1   2  3   4 
                      4   5   6    7   8   9 10  11  1   2  3   9  10  11  1   2   3    4   5   6  7   8  
                      8   9  10  11  1   2  3    4   5   6  7  11   1   2   3   4   5    6   7   8  9  10   
                     24 24 24 24 24 24 24 24 24 24 24 13 14  1516 17 18  19 20 21 22 23 
                     23 13 14 15 16 17 18 19 20 21 22 15 16 17 18 19 20  21 22 23 13 14   
                     14 15 16 17 18 19 20 21 22 23 13 16 17 18 19 20 21  22 23 13 14 15   
                     15 16 17 18 19 20 21 22 23 13 14 1718 19 20  2122   23 13 14 15 16 
                     16 17 18 19 20 21 22 23 13 14 15 16 22 23 13 14 15  16 17 18 19 20  
                     20 21 22 23 13 14 15 16 17 18 19 23 13 14 15 16 17  18 19 20 21 22 
       
                    12 12 12 12 12 12  12 12  12 12 12  1   2   1   1   2   1   1   1  10 10  2 
                    11  1   2    3   4   5   6    7   8   9  10  6   4   2   4  10  2   2  10  4   5   5 
                     2   3   4    5   6   7   8    9  10 11  1   7   7  10  5   4  10  4   4   5   6   6   
                     3   4   5    6   7   8   9   10 11  1   2   8   8  8    9   6   5   5   6   7   8   7 
                     4   5   6    7   8   9  10  11  1   2   3   3   9  9    3   3   7   6   7   8   9   9 
                     8   9  10  11  1   2   3    4   5   6   7 11 11  3   11 11 11  8   9   3  11  3  
                    24 24 24  24 24 24 24 24 24 24 24 13 14 13  13 14 13 13 13 22 2214 
                    23 13 14  15 16 17 18 19 20 21 22 18 16 14 16  22 14 14 22 16 1717  
                    14 15 16  17 18 19 20 21 22 23 13 19 19 22  17 16 22 16 16 17 1818 
                    15 16 17  18 19 20 21 22 23 13 14 20 20 20  21 18 17 17 18 19 2019 
                    16  17 18  19 20 21 22 23 13 14 15 15 21 21 15  15 19 18 19 20 2121 
                    20  21 22  23 13 14 15 16 17 18 19 23 2315 23 23 23 20 21 15 23 15 
 
Dual :-Not listed  
 
Complementary :- SGD    
 
Remark:-  All the design  which are  having  r > 10  and or  k>10 ,   
are not  listed  in Clatworthy (1973) , so they  all seem to be  new  
design. 
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3.6 Some more SGD  designs with  Repeated  Blocks (Discussed  
      in Section –2.12 ) 
                
Example:-3.6.1  Let us consider a BIBD-RB (which is discussed  in  
Ex.2.12.1 )   with  parameters : v'=13,b'=26,r'=8,k'=4, λ'=2,P**=3.        
  Consider a block ,say  bj   having  k' treatments , now  add v'  
treatments  to each treatment  in the block and keep the original k' 
treatments along with k' more treatments in another block so as to get 
2k' treatments in one block . Repeat this process to each of  bj  block  .  
           Following  the Theorem –3.2 ,the resulting design is a new  SGD 
design with repeated blocks having parameters:  
v =26, b = 26, r = 8, k = 8 , m = 13, n = 2, λ1 = 8, λ2 = 2,  P** = 3  
and p
ij
1
 , p
ij
2
 ,which is shown in Table-3.6.1(1). 
                                       Table -3.6.1. 
                         13  1  3  9  26 14 16  22   2 1  3  10  15  14 16  23  
                        1   2  4 10 14 15 17  23   1  4  5 11  14  17 18  24 
                        2  3   5 11 15 16 18  24   4  3 6 12 17  16 19 25  
                        3  4  6 12 1617 19 25   3  5  7 13 16  18  20  26 
        4   5  7  13 17 18 20 26   5  6   8  2  18 19  21  15 
        5   6  8   1  18 19 21 14   6  7   9  1  19 20  22  14 
       6   7  9    2  19 20 22 15   7  8  10 4  20 21  23  17 
                         7   8  10  3  20 21 23 16   8  9  11 3  21 22  24  16 
                         8   9  11  4  21 22 24 17   9 10 12  5 22 23 2518  
                         9 10 12  5 22 23 25 18 101113  6 23 24 26 19 
                        10 1113  6 23 24 26 19 11  12  2 7  24  25 15 20 
       11 12  1   7 24  25 14  20 12  13  1  8 25  26  14 21   
                        12 13  2   8 25  26 15  21  13  2   4  9 26  15  17 22 
 
Dual :-Not listed r > 10 , K>10 .Complementary :-  r > 10 , K>10 
 
Remark:-The  SGD-RB design obtained above may  claimed to be the 
new isomorphic solution on the basis of comparison of frequency 
Distribution of Triplets of listed designs and new one to S-72 of 
Clatworthy (1973). 
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Example:-3.6.2  Let us consider a BIBD-RB (which is discussed  in  
Ex.2.12.1)  with parameters : v'=10,b'=30,r'=12,k'=4,λ '=4,P**=2.        
 Consider a block ,say  bj   having  k' treatments , now  add v'  
treatments  to each treatment  in the block and keep the original k' 
treatments along with k' more treatments in another block so as to get 
2k' treatments in one block . Repeat this process to each of  bj  block  . 
               Following  the Theorem –3.2 ,the resulting design is a new  SG D  
design with repeated blocks having parameters: v =20, b = 30, r = 12, 
k = 8 , m = 10, n = 2, λ1 = 12, λ2 = 4,  P** = 2  and pij
1
 , p
ij
2
 , which 
is shown in Table-3.6.2. 
     Table-3.6.2 
        1 7   2  10  11 17  12  20  1   2   3   4 11 12 13 14   
        3  9   4   2   13 19 14  12  8  10   1   6 18 20 11 16 
        5  1   6   4   15 11 16  14  7   6   2    9 17 16 12 19  
        7  3   8  6   17 13 18 16 3   9   5    8 13 19 15 18      
        9  5  10  8   19  15  20 18 4   5   7   10 14 15 17 20 
        1  2   4   8   11  12 14 18  6   9   4    5  16 19 14 15  
        3  4   6  10 13 14 16 20  2   5   8   10 12 15 18 20 
        5  6   8   2   15  16 18 12  7   8   3   6  17 181316 
        7  8  10  4   17 18 20 14   3  10   9   2  13  2019 12 
        9 10  2   6   19  20 12 16  1   4   8   9   11 14 18 19    
        3  5   7  2    13 15  17 12  9  10  1   7   19 20 11 17 
  5  7   9   4   15  17 19 14  1   3   5   7   11 13 15 17 
        7  9   1   6   17  19 11 16  7   8   2   4   17 18 12 14 
  9  1   3   8   19 11 13 18   4   6  3  10 14 16 13 20 
        1  3   5  10  11 13 15 20   2    5  1  6   12 15  11 16  
  
Dual :-Not listed  
   
                  Complementary :- SGD 
 Example:-3.6.3  Let us consider a BIBD-RB (which is discussed  in  
Ex.2.12.1 ) with parameters : v'=9,b'=36,r'=16,k'=4, λ'=6,P**=9.        
         Consider a block ,say  bj   having  k' treatments , now  add v'  
treatments  to each treatment  in the block and keep the original k' 
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treatments along with k' more treatments in another block so as to get 
2k' treatments in one block . Repeat this process to each of  bj block  .  
                 Following  the Theorem –3.2 , the resulting design is a new  SGD  
design with repeated blocks having parameters:  
                  v =18, b = 36, r = 16, k = 8 , m = 9, n = 2, λ1 = 16, λ2 = 6,  
P** = 9  and p
ij
1
 , p
ij
2
, which is shown in Table-3.6.3. 
                        
                                            Table-3.6.3 
   
     9   1   2   3   4   5   6  7   8   9   1   2    3   4   5   6   7    8         
  1   2   3   4   5   6   7  8   9   3   4   5    6   7   8   9   1    2 
     2   3   4   5   6   7   8  9   1   4   5   6    7   8   9   1   2    3 
     4   5   6   7   8   9   1  2   3   7   8   9    1   2   3   4   5    6 
   18 10 11 12 13 14 15 16 17  18 10 11 12 13 14 15 16 17 
      10 1112  13 14 15 16 17 18  12 13 14 15 16 17 18 10 11  
  11 1213  14 15 16 17 18 10  13 14 15 16 17 18 10 11 12 
  13 1415  16 17 18 10 11 12  16 17 18 10 11 12 13 14 15    
   
  1   2   3   4   5  6   7   8  9   9   1    2   3    4   5   6   7   8   
  5   6   7   8   9  1   2   3  4   3   4    5   6    7   8   9   1   2 
     3   4   5   6   7  8   9   1  2   4   5    6   7    8   9   1   2   3 
   4   5   6   7   8  9   1   2  3   7   8    9   1    2   3   4   5   6 
  10 11 12 13 14 15 16 17 18  18 10 11 12 13 14 15 16 17 
  14 15 16 17 18 10 11 12 13  12 13 14 15 16 17 18  10 11 
  12 13 14 15 16 17 18 10 11  13 14 15 16 17 18 10 11 12  
  13 14 15 16 17 18 10 11 12  16 17 18 10 11 12 13 14 15     
 
 
 Dual :-Not listed  
   
                     Complementary :- SGD 
                     
                        Example:-3.6.4  Let us consider a BIBD-RB (which is discussed  in   
Ex.2.12.1) with parameters :  v'=10,b'=60, r'=18, k'=3, λ '=4, P**=9.                         
          Consider a block ,say  bj   having  k' treatments , now  add v'  
treatments  to each treatment  in the block and keep the original k' 
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treatments along with k' more treatments in another block so as to get 
2k' treatments in one block . Repeat this process to each of  bj block  .  
                   Following  the Theorem –3.2 ,the resulting design is a new  SGD  
design with repeated blocks having parameters: v =20, b = 60, r = 18, 
k = 6 , m = 10, n = 2, λ1 = 18, λ2 = 4,  P** = 9  and pij
1
 , p
ij
2
 ,   
which is shown in Table-3.6.4. 
  
                                        Table-3.6.4 
             2  4  6  8 10 3  5  7  9  1  5  7  9   1  3   3  5  7  9  1  5  7  9  1  3  1  3  5  7   9   
             4  6  8 10 2  9  1  3  5  7  7  9  1   3  5   9  1  3  5  7  7  9  1  3  5  2  4  6  8  10   
             6  8 10 2  4  2  4  6  8 10 2  4  6   8 10  6  8 10 2  4  6  8 10 2  4  6  8  10 2   4 
            1214161820 13151719 11151719 1113 131517191115 17191113 1113 1517 19  
            1416182012 19111315 17171911 1315 191113151717 19111315 1214 1618 20   
      1618201214 12141618 20121416 18 20 161820121416 1820121416 18 2012 14                         
 
      1  2  3  4  5  6  1  7  8  6   2  3  8  8  5  9  4  9  2  7  9  1  3  10 4   5  6  7  10  10   
            2  3 4  5  6  7  7  5  1  4   8  1  2  3  9  6  7  5  9  9  4  2 10  3 10  6 10  1   8    8 
            4  5  6  7  1  2  3  8  6  8   7  8  4  5  2  3  9  1  6  3  1 10  2  4  5  10 7  10 9    9    
           11121314 1516111718 16121318181519141912 17191113 2014  1516 17 20 20 
         12131415 1617171511 1418111213191617151919 141220 1320  1620 11 18 18 
          14151617 111213181618 17181415121319111613 112012 1415  2017 20 19 19 
 
 
Dual :-Not listed  
   
Complementary :- Not listed  
   
Remark  :-  All the designs  which are  having  r > 10  and or  k>10 ,    
are not listed  in Clatworthy (1973) , so they  all seems to be  new  
designs. 
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Chapter  4 
 
 
Comparison between  Balanced  Incomplete  Block 
Design with Repeated Blocks and usual  Balanced 
Incomplete Block Designs. 
 
4.1 Introduction 
 
          Balanced Incomplete Block Designs are the most important 
designs  among the block designs. Balanced Incomplete Block Designs 
are universally optimal in a very wide sense ,and thus these designs are 
statistically  quite  important .Further , these designs have  opened up 
various combinatorial problem of interest  both to Statisticians and 
Mathematicians. 
           The important of  Balanced Incomplete Block Designs in 
statistical design of experiments for varietal  trials was realized only in 
1936 when Yates (1936) discussed these designs in the context of  
biological experiments . 
    When the number of  all pairs  of treatments in a design is the 
same provided v treatments are arranged in b blocks each of size k 
(k<v) and each treatments replicated r times , the design  known as  
Balanced Incomplete Block Design  , and such designs are  binary and 
connected  block design with parameters  v, b, r, k , λ . 
  where v  is a number of treatments ,b is a number of  block , r is a 
number of replications  , k is block size (k < v) and λ is a number of  
times each  pair of treatments  occurs together.  
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             Let  N is the  incidence matrix of a  Balanced Incomplete Block 
Designs such that   
  N =  nij = 1,  if  i
th  treatments occurs in jth  block . 
    
                                  = 0  otherwise   
  In such a design , there are b blocks  that are distinct . 
Sometimes there is possibility that the number of  blocks are  





k
v
 and 
are distinct .However  we have to deal with the situation while 
constructing Balanced Incomplete Block Designs  where some of the 
blocks are identical .This type of  BIB design is known as  BIB design 
with repeated blocks . 
                A balanced incomplete block design is a binary and 
connected block design with parameters v, b, r, k and λ   , where v is 
the number of treatments, b is number of blocks, r is number of times 
each treatment is repeated, k (< v) is the block size and λ  is the pair of 
treatments occur together in the b-block.. 
        In general a usual BIB design comprises of  b= ( vc k )  possible 
distinct blocks. In this investigation an attempt has been made to study 
the construction of some more BIB design with repeated blocks and the 
properties from which  the usual BIB design can be distinguished with 
BIB designs with repeated blocks. To do so an additional parameter, 
say, d is included  with the usual parameters  of BIB design v,b,r,k and  
λ  where d denotes the number of distinct blocks present in the BIB  
design with repeated blocks. For such designs d ≤ min (b, b* ) must 
holds. Further Σ w j = b ,where wj represents the number of times the j
 th  
possible block  occurs in the design. 
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Definition:- A design with parameters  v, b, r, k, λ  and d is said to be 
balanced incomplete block design with repeated blocks,  if v-treatments 
are arranged in b-blocks each of k (< v) plots such that (i) each of the 
v- treatments is repeated in r- blocks (ii) any pair of treatment occur  
together in  λ blocks and (iii) d < b.  
         Foody and Hedayat  (1977), Van Lint (1973) and others have 
discussed the existence, construction and application of  this  design. 
 Wynn (1975) Constructed a BIB design and  application of  such 
designs in sampling .Infect  it is  desirable  to know the techniques for 
finding  BIB design with various support size for a given  v and k .  
    Foody  and  Hedayet (1977)  discussed the problem of  BIB 
design with repeated blocks . Foody  and  Hedayet (1977) studied the 
combinatorial problem of BIB designs with repeated blocks which is 
equivalent to the algebric problem of  finding solutions to a set of  
homogenious linear equations.   Moreover  they obtained  a table of  
design with  v=8  and k=3 for the supporting size 22 ≤ b* ≤ 56 They 
also studied the bounds for the  size of supports of BIB design . 
   Further  Foody and  Hedayet (1977) also constructed a class of   
BIB design with repeated blocks and called such  a design as a class of  
BIB design  ( 7 ,14, 6 ,3 , 2 ) . Foody and Hedayet (1977) next 
compared the BIB design with all distinct blocks , and that too compared 
on the basis of  number of repeated blocks and their positions . 
           Raghavarao et. al. (1986) obtained the criteria that distinguish 
among the member of  β , They discussed the  estimation of  treatment 
effect  contrast from the usual linear  model and established theat the 
member of  β cannot be  distinguished by standard properties . Because  
the  NN'  or  N'N matrix and corresponding  C – matrix  
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                     Where   C = r I V  -  N K
-1 N'.      
of  treatment effect  will remain as such  in both  the cases  (i) d = b  
(ii) d < b. as the  reduced normal equation for estimating the treatment  
effect  ι  is obtained  from  Q = C ι , where , Q is adjusted total  and  ι  
is the  treatment effect .  
            Raghavarao et. al. (1986) showed that the  estimation of block 
effect  contrasts reveals some distinguishing characteristics and some 
invariance properties. 
           Raghavarao et. al. (1986) discussed a class of  Balanced 
Incomplete Block  design  β(7, 21 ,9 ,3,3 ), where nine out of ten  BIB 
designs are  of repeated type  , while one  BIB design having  distinct 
blocks . Raghavarao et. al. (1986)  applied a model to the ten non- 
isomorphic BIB design and made a  comparison on the basis of 
variances of the block effect contrasts. Recently Ghosh and Shrivastava 
(2001) have developed a class of  β ( 7, 28, 12, 3, 4 ) where  out of 
fifteen BIB designs fourteen  BIB designs having repeated blocks . 
However considering v and k as 7 and 3 respectively , maximum number 
of  blocks for a BIB design is 35  without   repeating  a  block ( because  
all possible combinations  of  7  taking  3  together is 35). But in  case of 
Raghavarao  et.al. (1986) and Ghosh and Shrivastava (2001) with same 
number of  v  and  k  , the maximum number of blocks are considered 
as 21 and 28  respectively . Hence further investigation is required to 
construct a complete class of  β (7, 35, 15, 3 , 5 ) with repeated blocks . 
Which will insured that no further investigation of a complete class  of   
β ( 7, 35, 15, 3 , 5 ) of all  the BIB designs with binary structure require 
any more . Further a comparison has been made  for this class of BIB 
designs and is discussed . 
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         The present investigation  carried out  a complete class of BIB 
design β ( 7, 35, 15, 3 , 5 ) where leaving one BIB design  the remaining 
30  BIB designs with the same parameters are of repeated blocks . 
Further these  31 BIB designs are compared on the basis of  number of 
repeated blocks and the frequencies of  variances of block effect 
contrasts . Though the parameters of  the thirty one  BIB designs are 
the same , however some of  them are found to be isomorphic design. 
        In section 4.2 , some preliminary results  due to  Raghavarao  at . 
el . (1986) are discussed .In section 4.3 , derived the normal equations 
for the block effects for the one of the  member of  class  of  BIB design 
with repeated  blocks of  v  = 7 , k  = 3 , b = 35  .In section 4.4 , the 
estimates of block effects are derived by solving the normal equations . 
In section 4.5 all possible variances of  block effect contrasts are 
estimated and observed that a member of class of BIB design with 
repeated blocks having  d  =7  distinct blocks , two types of variances 
exist while for all distinct blocks ,that is , d = 35 ,three types of 
variances exist .And for remaining all other members of class , four 
types of variances exist . In section 4.6 , the multiplicities of variance of 
estimated contrasts of  block effects  are  derived . Section 4.7 , a 
comparison among the member of a class  of β ( 7 , 35 ,15 , 3 , 5 ) is 
made on the basis of the  multiplicities of variances of block effect 
contrasts .In Table  4.1 ,the value of  Wj , that is, the frequency of 
distinct blocks for all possible member of the class v = 7 , b = 35 , r = 
15 , k = 3, λ = 5 , and the number of distinct  block  d  are given .While 
in Table  4.2 , the multiplicities of variances of the  estimated 
elementary contrasts of block  effects are given . In  Appendix IV , 
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 a computer program , to prepare the   N'N matrix and the multiplicities 
of  block contrasts are given . 
 
          4.2 Preliminary Results 
                      4.2.1 Estimating  treatment  effect contrasts for Balanced          
Incomplete Block Designs with repeated blocks  
                   From standard  design theory  ( See Federer (1955) , Cha. 11-13 )  
and Kempthorne  ( 1952 , Chap. 26) , the following theorem  can easily  
be  verified  by determining that the coefficient  matrices of the reduced 
normal equations   
                   for estimating contrasts of treatment  effects after  eliminating 
general mean and block effects are identical for all members  of  β. 
    Theorem 4.2.1 All members of the class  β = β ( v , b , r , k , λ ) have 
the following in common  
     (1) The estimator for contrasts of treatment  effects when the block          
effects are assumed fixed ( or random) ,and the variances of the 
estimators ,  
     (2) The expected value of the blocks (eliminating  treatment effects ) 
mean square when the block effects are random , and  
     (3) A- , D-, and E- optimality criteria for estimating treatment effects.  
         In the case of  analysis with recovery  of  interblock  information,    
some  differences may arise in the estimation of  σ β2  , the block effects 
variance . consider a design  in β  with d distinct block s and  let  σ 2  
be the intrablock  error variance . Then the block eliminating  treatment  
sum of square can be partitioned further . Such a partitioning ,along 
with the expected values of mean  squares , is given in Table 4.2.1 .  
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 Table 4.2.1 
Partitioning of blocks (eliminating  treatments ) sum of 
squares  and expectations of  mean squares 
Source d.f. S.S. M.S E (M.S.) 
Blocks (eliminating 
treatments) 
 
b-1 
 
SS1 
 
B1 
σ 2 +(bk-v) σ β
2
/(b-1) 
Distinct Blocks ( eliminating 
treatments) 
 
d-1 
 
SS2 
 
B2 
σ2 +(dk-v) σ β2 /(d-1) 
 
Repeated Blocks 
 
b-d 
 
SS3 
 
B3 
σ2 +k σ β2  
 
The mean  sum of squares are derived as follows . 
The  sum of squares for blocks eliminating treatments , SS1 ,is  obtained 
as the sum of the products  of the estimated block effects  βj  and the 
reduced normal equations.  
                       SS1  =∑
=
b
j
j
1
β    ( )YnY .iv
i
ijj. ∑−
=1
                   4.2.1(i)   
             Where   Y j.   is the  sum of responses for the  k treatments  in 
block  j , Y .i   is the  mean response  for the occurrences of the  
treatment i  in the design , and  nij = 1, if i
th
  treatment occurs in  jth 
block , otherwise , nij = 0 . The j
th  term for summing at  4.2.1 (i) 
corresponds to the  jth block in the given design .To write  the sum of  
squares  SS2  and SS3 , notations explicitly specifying  the designs 
repeated block structure is needed. Let g =1,…., d index  the  d  distinct 
blocks that  occurs in the design ,and let  Wg   denotes the number of 
times the gth  of these block pattern occurs . Each block  in the design 
corresponds to a pair (g,h)  with  1 ≤  g  ≤  d , 1 ≤ h ≤ Wg  ,  which 
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denotes the h-th occurrence of the g-th  block pattern in the design. 
Using  these  notation 4.2.1(i)  can  be written as                          
              
                     ∑ ∑=
= =
d
g
wg
h
jSS
1 1
1 β ∑−
=
v
1i
(.,.)i)h,g(i)h,g.( YnY  
 
               Where  Y )h,g(i  is the response  for treatment  i  in the h-th 
occurrence of the g-th block pattern: YY .i(.,.)i =  ; and YY j.)h,g.( = ,  
nn ijhgi =),(    and  ββ j)h,g( =  for j chosen so that  the jth 
block corresponds to the pair (g,h). 
Define the estimated  effect of the  distinct block pattern , 
 
∑=
=
wg
h
)h,g(,.)g(
)wg/(
1
1 ββ  ,     for  g= 1,  …, d. 
      
          Let  W be  d × d diagonal matrix with entries  w1,w2,w3,. . . . .,wd  
on the diagonal ,and let  N* be the  v × d matrix whose  (i , g)th  
element is     
∑
=
wg
1h
)h,g(in . The estimated  distinct block  effect  
vector    [ ]′= βββ
,.)d(,.)(
*
,....,
11
  is the solution of the  reduced 
normal equations. 
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[ ]β ***1 NNrkW ′−− =
















Y
.
.
.
Y
,.)d.(
,.)l.(
-N*
′
















Y
Y
v
i
(.,.)
(.,.)
.
.
.
,   4.2.1(ii) 
    Where  Y ,.)g.(  is the sum  of the responses to the  k Wg  treatments 
occurrences in the Wg  blocks having pattern g . The sum of squares  for 
distinct blocks eliminating treatments , SS2  , is obtained as sum of the  
estimated distinct  block effects  (reduced normal equations) 
   
              ∑=
=
d
g
,.)g(SS
1
2 β   ∑∑−
= =
v
1i
(.,.)i
wg
1h
)h,g(i,.)g.( YnY  
 
  The sum of squares for repeated blocks  , SS3, can be derived as  
           SS3  =  SS1 – SS2  
Mean squares are given by  
        B 1 = SS1 / ( b-1 ) , B2 = SS2  / ( d-1 ) , B3 = SS3  /( b-d )  
 The expected value of these  mean squares  are derived  by  usual 
methods  described in Fedrer (1955 , Sec . 13.2)  and  Yates (1940). 
     The block effect variance  σ β2  can be estimated using the intrablock 
error mean and any one of  B1 , B2 or B3 . The estimated  σ β2  will give 
different accuracies for the member of  β  if either  B2 or B3  is used.                                                                                                                            
However   B2 or B3  is not advisable for estimating  σ β
2  because of the  
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reduced degree of freedom ,and it is a common practice to use  B1 while 
estimating  σ β
2
 , in such cases , the member of  β  are 
indistinguishable as indicated in Theorem 4.2.1(2). There are no 
distinguishing criteria among member of  β in estimating  treatment  
effects when  individual  treatment effects themselves are estimated.  
       4.2.2   Estimating block effect contrasts for Balanced   
                    Incomplete Block Design with repeated blocks 
         Let N be the  v × b incidence matrix of the design .Let Ib denote 
the identity matrix of order b, and  Ebb’  = b × b’  matrix with every entry 
equal to one . Now ,  N'N matrix  of design D can  be obtained as  
                                                 
     
    )(...)()()( 1312111 bbbbbbbb b∩∩∩∩ ηηηη   
             )(...)()()( 2322212 bbbbbbbb b∩∩∩∩ ηηηη  
                  . . . . 
  N'N=          . . . . 
                  . . . . 
             )(...)()()( 321 bbbbbbbb bbbbb ∩∩∩∩ ηηηη           
           
where  ,  )bb( ji ∩η is the cardinality of two blocks  bi and bj  and is 
the number of treatment common between  two blocks bi and bj  . 
The  coefficient matrix  D  for estimating  the block  effect  vector is 
given by     
             
−
β = ( β1, β2 ……βb )’ 
                   and    D = k I b -  NRN
1−′   
       = k I b -  
r
NN
'
 , as  r1 = r2 = r3 =……. = rv = r 
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where k is block size . 
 Raghavarao  et. al (1986) showed that the  eigenvalue of  D could 
easily be obtained by   
                   0=φ
o
,  
r
vλ
φ =
1
   and  k=φ
2
 with respective 
multiplicities 
                       α o  =  1 , α 1 = v-1 and  α 2 = b-v  
               Here , ξ 1 ,  ξ 2 , ξ 3 , …….ξ v-1  , be the complete sets of 
orthonormal eigenvector corresponding  to the  eigenvalue (r-λ ) of N'N,  
then    η1 , η2, η3,… ηv-1 , is a complete set of  orthonormal  eigenvector 
of  N'N corresponding to the eigenvalue (r-λ) , where ,  
               
                 ηi    =  )r( λ−
-1/2 
N'ξ i ,i = 1 , 2 , 3 , …..v-1 
The orthogonal idempotent matrix  corresponding to the  eigenvalue   φ1 
of  D is  
                 A1 =  ηη
'
1
1
i
v
i
i∑
−
=
=  )r( λ− -1[N'N – ( k2 /v ) Jb b] 
  The idempotent matrix corresponding  to the eigenvalue φ0  of D is ,    
              
                            A0  =   
b
1
   Jbb   
           Hence  orthogonal  idempotent  matrix corresponding to  the  
eigenvalue  φ2   of   D is   
                     A 2 =  I b – A 0 – A 1 
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 So ,  
  
rk
AAD
λφφ
111
2
2
1
1
=+=−  N'N +  
k
1
 Ib -  
rv
rkv
2λ
λ +
  Jb b     
              is   the generalized inverse of  D that will be used in  solving 
the normal equation for β  and finding the variances of  estimated 
contrasts  of block effects. 
   Here it is observed that   N'N  of all the design of class β are not same  
but it differs as the number of  repeated blocks differ (even it depends  
upon the  position of block) .Therefore the estimates of  block contrasts  
effect will also vary.                 
     The variance of  block effect  can be obtained  from the relation , 
 
          V ( β i - β j ) =   σλ
ηλ
22.
vk
)bb()kv( ji ∩−+
  
 
   This result is due to Raghavarao et.al. (1986) . Further for a class of 
BIB design it can be proved that   
(a) The estimator  of  block effect  contrast differs as the  number of 
common treatment  between two blocks differs and , hence  the  
variance of  block effect contrast  will be different  
(b) The average variance of all block contrast  will be  same for a         
class of  β.  
 
4.3 Verification of the results discussed in  4.2  
       Let us verify the  results  discussed in  4.2 by analyzing a BIB  
design with repeated blocks  discussed in the following example . 
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Example – 4.3.1 Let us consider a BIB design  with repeated blocks  
having the parameters , v'=7, b'=35, r'=15 , k'=3 , λ '= 5 and d =14. 
                                         Design Plan 
     7 1  2  3 4  5 6  7  1 2 3 4  5  6 7 1  2  3  4  5  6  7  1  2  3  4  5  6  7  1  2  3  4  5  6 
     1 2  3 4  5  6 7  1  2 3 4 5  6  7 1 2  3  4  5  6  7  1  2  3  4  5  6  7  1  2  3  4  5  6  7 
     3 4  5 6  7  1 2  5  6 7 1 2  3  4 3 4  5  6  7  1  2  5  6  7  1  2  3  4  3  4  5  6  7  1  2 
 
                  The  N'N  matrix of the above design is  shown below .  
 
      3 1 1 1 1 1 1 2 1 2 2 0 1 1 3 1 1 1 1 1 1 2 1 2 2 0 1 1 3 1 1 1 1 1 1 
      1 3 1 1 1 1 1 1 2 1 2 2 0 1 1 3 1 1 1 1 1 1  21 2 2 0 1 1 3 1 1 1 1 1 
      1 1 3 1 1 1 1 1 1 2 1 2 2 0 1 1 3 1 1 1 1 1 1 2 1 2 2 0 1 1 3 1 1 1 1  
      1 1 1 3 1 1 1 0 1 1 2 1 2 2 1 1 1 3 1 1 1 0 1 1 21  2 2 1 1 1 3 1 1 1  
      1 1 1 1 3 1 1 2 0 1 1 2 1 2 1 1 1 1 3 1 1 2 0 1 1 2 1 2 1 1 1 1 3 1 1  
      1 1 1 1 1 3 1 2 2 0 1 1 2 1 1 1 1 1 1 3 1 2 2 0 1 1 2 1 1 1 1 1 1 3 1 
      1 1 1 1 1 1 3 1 2 2 0 1 1 2 1 1 1 1 1 1 3 1 2 2 0 1 1 2 1 1 1 1 1 1 3 
      2 1 1 0 2 2 1 3 1 1 1 1 1 1 2 1 1 0 2 2 1 3 1 1 1 1 1 1 2 1 1 0 2 2 1 
      1 2 1 1 0 2 2 1 3 1 1 1 1 1 1 2 1 1 0 2  21 3 1 1 1 1 1 1 2 1 1 0 2 2   
      2 1 2 1 1 0 2 1 1 3 1 1 1 1 2 1 2 1 1 0 2 1 1 3 1 1 1 1 2 1 2 1 1 0 2  
      2 2 1 2 1 1 0 1 1 1 3 1 1 1 2 2 1 2 1 1 0 1 1 1 3 1 1 1 2 2 1 2 1 1 0 
      0 2 2 1 2 1 1 1 1 1 1 3 1 1 0 2 2 1 2 1 1 1 1 1 1 3 1 1 0 2 2 1 2 1 1  
      1 0 2 2 1 2 1 1 1 1 1 1 3 1 1 0 2 2 1 2 1 1 1 1 1 1 3 11  0 2 2 1 2 1   
      1 1 0 2 2 1 2 1 1 1 1 1 1 3 1 1 0 2 2 1 2 1 1 1 1 1 1 3 1 1 0 2 2 1 2  
      3 1 1 1 1 1 1 2 1 2 2 0 1 1 3 1 1 1 1 1 1 2 1 2 2 0 1 1 3 1 1 1 1 1 1 
      1 3 1 1 1 1 1 1 2 1 2 2 0 1 1 3 1 1 1 1 1 1 2 1 2 2 0 1 1 3 1 1 1 1 1 
      1 1 3 1 1 1 1 1 1 2 1 2 2 0 1 1 3 1 1 1 1 1 2 1 2 2 0 1 1 3 1 1 1 1 1  
      1 1 1 3 1 1 1 0 1 1 2 1 2 2 1 1 1 3 1 1 1 0 1 1 2 1 2 2 1 1 1 3 1 1 1 
           N'N =    1 1 1 1 3 1 1 2 0 1 2 2 1 2 1 1 1 1 3 1 1 2 0 1 1 2 1 2 1 1 1 1 3 1 1 
      1 1 1 1 1 3 1 2 2 0 1 1 2 1 1 1 1 1 1 3 1 2 2 0 1 1 2 1 1 1 1 1 1 3 1 
      1 1 1 1 1 1 3 1 2 2 0 1 1 2 1 1 1 1 1 1 3 1 2 2 0 1 1 2 1 1 1 1 1 1 3   
      2 1 1 0 2 2 1 3 1 1 1 1 1 1 2 1 1 0 2 2 1 3 1 1 1 1 1 1 2 1 1 0 2 2 1 
      1 2 1 1 0 2 2 1 3 1 1 1 1 1 1 2 1 1 0 2 2 1 3 1 1 1 1 1 1 2 1 1 0 2 2 
      2 1 2 1 1 0 2 1 1 3 1 1 1 1 2 1 2 1 1 0 2 1 1 3 1 1 1 1 2 1 2 1 1 0 2  
      2 2 1 2 1 1 0 1 1 1 3 1 1 1 2 2 1 2 1 1 0 1 1 1 3 1 1 1 2 2 1 2 1 1 0 
      0 2 2 1 2 1 1 1 1 1 1 3 1 1 0 2 2 1 2 1 1 1 1 1 1 3 1 1 0 2 2 1 2 1 1 
      1 0 2 2 1 2 1 1 1 1 1 1 3 1 1 0 2 2 1 2 2 1 1 1 1 1 3 1 1 0 2 2 1 2 1 
      1 1 0 2 2 1 2 1 1 1 1 1 1 3 1 1 0 2 2 1 2 1 1 1 1 1 1 3 1 1 0 2 2 1 2  
      3 1 1 1 1 1 1 2 1 2 2 0 1 1 3 1 1 1 1 1 1 2 1 2 2 0 1 1 3 1 1 1 1 1 1  
      1 3 1 1 1 1 1 1 2 1 2 2 0 1 1 3 1 1 1 1 1 1 2 1 2 2 0 1 1 3 1 1 1 1 1  
      1 1 3 1 1 1 1 1 1 2 1 2 2 0 1 1 3 1 1 1 1 1 1 2 1 2 2 0 1 1 3 1 1 1 1 
      1 1 1 3 1 1 1 0 1 1 2 1 2 2 1 1 1 3 1 1 1 0 1 1 2 1 2 2 1 1 1 3 1 1 1  
      1 1 1 1 3 1 1 2 0 1 1 2 1 2 1 1 1 1 3 1 1 2 0 1 1 2 1 2 1 1 1 1 3 1 1 
      1 1 1 1 1 3 1 2 2 0 1 1 2 1 1 1 1 1 1 3 1 2 2 0 1 1 2 1 1 1 1 1 1 3 1 
      1 1 1 1 1 1 3 1 2 2 0 1 1 2 1 1 1 1 1 1 3 1 2 2 0 1 2 2 1 1 1 1 1 1 3 
 
 
To estimate the block effect  contrasts of various blocks  , we have 
obtained the  following normal equations . The normal equation for first 
block is  given by  
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15
3
3 −    b1 - 
15
1
[b2+b3+b4+b5+b6+b7+b9+b13+b14+∑
=
21
16j
jb +b23   + b23+b27+b28+∑
=
35
30j
jb ] 
    
     - 
15
2
[ b8+b10+b11+b22+b24+b25] -
15
3
[b15+b29] -
15
0
[b12+b26] = f1 
 
Impose the restriction  that is, ∑
=
35
1j
jb =0, the above equation reduced to , 
 
      
15
3
3 −   b1 + 
15
1
[ b1+b8+b10+b11+b12+b15+b22+b24+b25 + b26+b29 ] 
 
          –
15
2
[ b8+b10+b11+b22+b24+b25 ] –
15
3
[ b15+b29] = f1 
 
∴ 
15
3
3 −
15
1
+  b1 - 
15
1
 [ b8+b10+b11+b22+b24+b25] +
15
1
[b12+b26]-
15
2
[ b15+b29] = f1 
 
43 b1 -  [ b8 +b10 +b11 +b22 +b24+b25] + [b12 +b26]- 2[b15+b29] =15  f1           (4.1) 
 
Similarly , the normal equation for  15th and 29th  block ,which are having 
same number of common treatments as in 1st  block and are given by  
 
43 b15-[ b8 +b10 +b11 +b22 +b24+b25] + [b12 +b26]- 2[b1+b29] = 15 f15             (4.2) 
 
43 b29--[ b8 +b10 +b11 +b22 +b24+b25] + [b12 +b26]- 2[b1+b15] =15 f29             (4.3) 
 
Again ,normal equation for  b2 , is obtained by  ,  
 
        
15
3
3 −    b2 - 
15
1
[∑
=
7
1j
jb +b8+b10 +b14  +b15+∑
=
22
17j
jb +b24+b28+b29+∑
=
35
31j
jb ] 
    
     - 
15
2
[ b9+b11+b12+b23+b25+b26] -
15
3
[b16+b30] -
15
0
[b13+b27] = f1 , 
Which is after simplification gives the following normal equation for the 
block b2 as 
 
43 b2-  [ b9 +b11 +b12 +b23 +b25+b26 ] + [b13+b27]- 2[b16+b30] =15f2             (4.4) 
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Similarly other normal equations for the blocks  b16 and b30  are given by  
 
 43 b16-  [ b9 +b11 +b12 +b2 3 +b25+b26 ] + [b13+b27]- 2[b2+b30] =15f16           (4.5) 
 
43 b30-  [ b9 +b11 +b12 +b23 +b25+b26 ] + [b13+b27]- 2[b2+b16] =15 f30            (4.6) 
 
In a same way other normal equations are given by  
           
43 b3-  [b10 +b12 +b13 +b24 +b26+b27] + [b14+b2 8]- 2[b17+b31] =15  f3            (4.7) 
 
43 b17-  [b10 +b12 +b13 +b24 +b26+b27] + [b14+b2 8]- 2[b3+b31] =15  f17           (4.8) 
 
43 b31-  [b10 +b12 +b13 +b24 +b26+b27] + [b14+b2 8]- 2[b3+b17] =15  f31           (4.9) 
 
43 b4-  [b11 +b13 +b14 +b25 +b27+b28] + [b8+b2 2]- 2[b18+b32] =15  f4           (4.10) 
 
43 b18-  [b11 +b13 +b14 +b25 +b27+b28] + [b8+b2 2]- 2[b4+b32] =15  f18          (4.11) 
 
43 b32 -  [b11 +b13 +b14 +b25 +b27+b28] + [b8+b2 2]- 2[b4+b18] =15  f4          (4.12) 
 
43 b5-  [b8 +b12 +b14 +b22 +b26+b28] + [b9+b2 3]- 2[b19+b33] =15  f5            (4.13) 
 
43 b19-  [b8 +b12 +b14 +b22 +b26+b28] + [b9+b2 3]- 2[b5+b33] =15  f19           (4.14) 
 
43 b33-  [b8 +b12 +b14 +b22 +b26+b28] + [b9+b2 3]- 2[b5+b19] =15  f33           (4.15) 
 
43 b6-  [b8 +b9+b13 +b22 +b23+b27 ] + [b10+b24]- 2[b20+b34] =15  f6             (4.16) 
 
43 b20-  [b8 +b9+b13 +b22 +b23+b27 ] + [b10+b2 4]- 2[b6+b34] =15  f20           (4.17) 
 
43 b34-  [b8 +b9+b13 +b22 +b23+b27 ] + [b10+b2 4]- 2[b6+b20] =15  f34           (4.18) 
 
43 b7-  [b9 +b10+b14+b23 +b24+b28] + [b11+b2 5]- 2[b21+b35] =15  f7            (4.19) 
 
43 b21-  [b9 +b10+b14+b23 +b24+b28] + [b11+b2 5]- 2[b7+b35] =15  f21           (4.20) 
 
43 b35-  [b9 +b10+b14+b23 +b24+b28] + [b11+b2 5]- 2[b7+b21] =15  f35              (4.21) 
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The normal equations for other blocks 
 
   
15
3
3 −    b8 - 
15
1
[b2+b3+b7+∑
=
14
9j
jb +b16 + b17+b21+∑
=
28
23j
jb +b30+ b31+b35] 
    
     - 
15
2
[ b1+b5+b6+b15+b19+b20+b29+b33+b34] -
15
3
[b8+b22] -
15
0
[b4+b18+b32] = f8 
 
 ∴ 
15
3
3 −
15
1
+  b8  - 
15
1
 [ b1+b5+b6+b15+b19+b20+b29+b33+b34]  
 
 
        +
15
1
 [b4+b18+b32]  -  
15
2
 b22 =  f8   
 
 After simplification the above normal equation reduced to  
 
43 b8 - [b1+b5+b6+b15+b19+b20+b29+b33+b34]+[b4+b18+b32] – 2 b22 =15 f8     (4.22) 
  
43 b22 - [b1+b5+b6+b15+b19+b20+b29+b33+b34]+[b4+b18+b32] –2 b8 =15 f22   (4.23) 
 
Similarly  Normal equations for  remaining  blocks are given by  
 
43 b9 - [b2+b6+b7+b16+b20+ b21+b30+b34+b35]+[b5+b19+b33] –2 b23 =15 f9    (4.24) 
 
43 b23 – [b2+b6+b7+b16+b20+b21+b30+b34+b35]+[b5+b19+b33] –2 b9 =15 f23   (4.25) 
 
43 b10 - [b1+b3+b7+b15+b17+ b21+b29+b31+b35]+[b6+b20+b34]–2b24 =15 f10     (4.26) 
 
43 b24- [b1+b3+b7+b15+b17+ b21+b29+b31+b35]+[b6+b20+b34]–2b10 =15 f24      (4.27) 
 
43 b11- [b1+b2+b4+b15+b16+ b18+b29+b30+b32]+[b7+b21+b35]–2b25 =15 f11      (4.28) 
 
43 b25- [b1+b2+b4+b15+b16+ b18+b29+b30+b32]+[b7+b21+b35]–2b11 =15 f25       4.29) 
 
43 b12- [b2+b3+b5+b16+b17+ b19+b30+b31+b33]+[b1+b15+b29]–2b26 =15 f12      (4.30) 
 
43 b26- [b2+b3+b5+b16+b17+ b19+b30+b31+b33]+[b1+b15+b29]–2b12 =15 f26      (4.31) 
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43 b13- [b3+b4+b6+b17+b18+ b20+b31+b32+b34]+[b2+b16+b30]–2b27 =15 f13      (4.32) 
 
43 b27- [b3+b4+b6+b17+b18+ b20+b31+b32+b34]+[b2+b16+b30]–2b13 =15 f27      (4.33) 
 
43 b14- [b4+b5+b7+b18+b19+ b21+b32+b33+b35]+[b3+b17+b31]–2b28 =15 f14      (4.34) 
 
43 b28- [b4+b5+b7+b18+b19+ b21+b32+b33+b35]+[b3+b17+b31]–2b14 =15 f28       4.35) 
 
 
4.4 Estimation of various  block effect contrasts 
 
      Estimation of Block Effect    β1 :   Using the normal equations  which 
are   derived in section 4.2 . Let the normal equation for block b1 is , 
 
  43 b1 -  [ b8 +b10 +b11 +b22 +b24+b25] + [b12 +b26]- 2[b15+b29] =15  f1               (a)  
   
 Now, add the normal equations  of blocks  b15 and b29  , we have , 
 
41 ( b15+ b29 ) –4 b1 –2[ b8 +b10 +b11 +b22 +b24+b25] +2[b12+b26] =15 ( f15 + f29)  (b) 
 
 Solving equations  (a) and  (b) we have , 
 
 90 b1  - 45 [ b15 + b29 ]   = 30 f1 -15 ( f15 + f29)                                                   (c)                  
 
Further add the normal equations of the blocks  b8  , b10  ,b11  ,b22  ,b24  , 
b25  we have   
 
   43 b8 - [b1+b5+b6+b15+b19+b20+b29+b33+b34]+[b4+b18+b32] – 2 b22 =15 f8      
 
   43 b10 - [b1+b3+b7+b15+b17+ b21+b29+b31+b35]+[b6+b20+b34]–2b24 =15 f10     
 
   43 b11- [b1+b2+b4+b15+b16+ b18+b29+b30+b32]+[b7+b21+b35]–2b25 =15 f11 
 
  43 b22 - [b1+b5+b6+b15+b19+b20+b29+b33+b34]+[b4+b18+b32] –2 b8 =15 f22      
 
  43 b24- [b1+b3+b7+b15+b17+ b21+b29+b31+b35]+[b6+b20+b34]–2b10 =15 f24     
 
  43 b25- [b1+b2+b4+b15+b16+ b18+b29+b30+b32]+[b7+b21+b35]–2b11 =15 f25   
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 We  have,  
 
41 [ b8 +b10 +b11 +b22 +b24+b25] –6 [b1+b15+b29] 
 
 - 2[b2+b3+b5+b16+b17+b19+b30+b31+b33] = 15[ f8+ f10+f11+f22+f24+ f25 ]     (d) 
 
Now  adding normal equation of block b15 and b26  
 
 
 41[b12 + b26 ] –2 [b2+b3+b5+b16+b17+ b19+b30+b31+b33] + 2[b1+b15+b29]  
 
      = 15[ f12  + f26  ]                   (e) 
 
Solving normal equations  (d ) and (e) we have, 
 
41 [ b8 +b10 +b11 +b22 +b24+b25 ] –8 [b1+b15+b29] –41 [b12 + b26 ]  
 
   = 15[ f8+ f10+f11+f22+f24+ f25 ] -15[ f12  + f26  ]                     (f) 
 
Solving normal equations  (f)  and  (b)  we have  , 
 
 1665 [ b15 + b29  ] – 180 b1  =  30 [  f8 +  f10 + f11 + f22 + f24 +  f25  ] 
 
  - 30 [ f12  + f26  ]  + 615 [ b15 + b29 ]          (g)  
 
Solving ( adding  )  normal equations   ( c)  and  (g) , we have  
 
⇒  3150 b1  = 1110 f1  + 30 [  f8 +  f10 + f11 + f22 + f24 +  f25  ] + 60 [ b15 + b29 ]     
 
                       - 30 [ f12  + f26  ]   
  
 
 And solving this equation for b1 , we have , 
 
 
     
3150
30
f
3150
1110
b 11 +=
∧
[  f8 +  f10 + f11 + f22 + f24 +  f25  ]   
 
 + 
3150
60
 [ f15 + f29 ]  - 
3150
30
[ f12  + f26  ]     
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∧
b 1  = 
105
37
f1 +
105
1
[ f8 + f10 +f11 +f22 +f24 + f25 ] +
105
2
[ f15 +f29 ] - 
105
1
[f12 +f26 ]     
 
Similarly  block effect contrasts for  other blocks 
 
∧
b 15 =
105
37
 f15 +
105
1
[ f8 + f10 +f11 +f22 +f24 + f25 ]+
105
2
[ f1 +f29 ] -
105
1
[f12 +f26 ] 
 
∧
b 29  =
105
37
 f29 +
105
1
[f8 + f10 +f11 +f22 +f24 + f25 ] +
105
2
[ f1 +f15 ] -
105
1
[f12 +f26 ] 
 
∧
b 2 =
105
37
 f2+
105
1
 [ f9 + f11 +f12 +f23 +f25 + f26 ] +
105
2
[ f16+f30 ] - 
105
1
[f13 +f27 ] 
 
∧
b 16 =
105
37
 f16+
105
1
 [ f9 + f11 +f12 +f23 +f25 + f26 ] +
105
2
[ f2+f30 ] - 
105
1
[f13 +f27 ] 
 
∧
b 30 =
105
37
 f30 +
105
1
 [ f9 + f11 +f12 +f23 +f25 + f26 ] +
105
2
[ f2+f16 ] - 
105
1
[f13 +f27 ] 
 
∧
b 3 =
105
37
 f3 +
105
1
 [ f10+ f12+f13+f24 +f26 + f27 ] +
105
2
[ f17+f31] - 
105
1
[f14 +f28 ] 
 
∧
b 17 =
105
37
 f17 +
105
1
 [ f10+ f12+f13+f24 +f26 + f27 ] +
105
2
[ f3+f31 ] - 
105
1
[f14 +f28 ] 
 
∧
b 31 =
105
37
 f31 +
105
1
 [ f10+ f12+f13+f24 +f26 + f27 ] +
105
2
[ f3+f17 ] - 
105
1
[f14 +f28 ] 
 
∧
b 4 =
105
37
 f4 +
105
1
 [ f11+ f13+f14+f25 +f27 + f28 ] +
105
2
[ f18+f32 ] - 
105
1
[f8+f22 ] 
 
∧
b 18 =
105
37
 f18 +
105
1
 [ f11+ f13+f14+f25 +f27 + f28] +
105
2
[ f4+f32 ] - 
105
1
[f8+f22 ] 
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∧
b 32 =
105
37
 f32 +
105
1
 [ f11+ f13+f14+f25 +f27 + f28] +
105
2
[ f4+f18 ] - 
105
1
[f8+f22 ] 
 
∧
b 5 =
105
37
 f5 +
105
1
 [ f8+ f12+f14+f22+f26 + f28] +
105
2
[ f19+f33 ] - 
105
1
[f9+f23 ] 
 
∧
b 19 =
105
37
 f19 +
105
1
 [ f8+ f12+f14+f22+f26 + f28] +
105
2
[ f5+f33 ] - 
105
1
[f9+f23 ] 
 
∧
b 33 =
105
37
 f33 +
105
1
 [ f8+ f12+f14+f22+f26 + f28] +
105
2
[ f5+f19 ] - 
105
1
[f9+f23] 
 
∧
b 6 =
105
37
 f6 +
105
1
 [ f8+ f9+f13+f22+f23 + f27] +
105
2
[ f20+f34] - 
105
1
[f10+f24] 
 
∧
b 20 =
105
37
 f2 0+
105
1
 [ f8+ f9+f13+f22+f23 + f27] +
105
2
[ f6+f34] - 
105
1
[f10+f24] 
 
∧
b 34 =
105
37
 f34+
105
1
 [ f8+ f9+f13+f22+f23 + f27] +
105
2
[ f6+f20] - 
105
1
[f10+f24] 
 
∧
b 7 =
105
37
 f7 +
105
1
 [ f9+ f10+f14+f23+f24+ f28] +
105
2
[ f21+f35] - 
105
1
[f11+f25] 
 
∧
b 21 =
105
37
 f21+
105
1
 [ f9+ f10+f14+f23+f24+ f28] +
105
2
[ f7+f35] - 
105
1
[f11+f25] 
∧
b 35 =
105
37
 f35+
105
1
 [ f9+ f10+f14+f23+f24+ f28] +
105
2
[ f7+f21] - 
105
1
[f11+f25] 
 
Similarly estimation of other block effect contrasts are given by 
 
 
∧
b 8 =
105
37
 f8 +
105
1
[f1+ f5+f6+f15+f19+ f20+f29+f33+f34] +
105
2
[f22] -
105
1
[f4+f18+f32 ] 
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∧
b 22 =
105
37
 f22+
105
1
[f1+ f5+f6+f15+f19+ f20+f29+f33+f34] +
105
2
[f8] -
105
1
[f4+f18+f32 ] 
 
∧
b 9 =
105
37
 f9+
105
1
[f2+ f6+f7+f16+f20+ f21+f30+f34+f35] +
105
2
[f2 3] -
105
1
[f5+f19+f33 ] 
 
∧
b 23 =
105
37
 f23+
105
1
[f2+ f6+f7+f16+f20+ f21+f30+f34+f35] +
105
2
[f9] -
105
1
[f5+f19+f33 ] 
 
∧
b 10 =
105
37
 f10+
105
1
[f1+ f3+f7+f15+f17+ f21+f29+f31+f35 ] +
105
2
[f2 4] -
105
1
[f6+f20+f34] 
 
∧
b 24 =
105
37
 f24+
105
1
[f1+ f3+f7+f15+f17+ f21+f29+f31+f35 ] +
105
2
[f10] -
105
1
[f6+f20+f34] 
 
∧
b 11 =
105
37
 f11+
105
1
[f1+ f2+f4+f15+f16+ f18+f29+f30+f32] +
105
2
[f2 5] -
105
1
[f7+f21+f35] 
 
∧
b 25 =
105
37
 f25+
105
1
[f1+ f2+f4+f15+f16+ f18+f29+f30+f32] +
105
2
[f11] -
105
1
[f7+f21+f35] 
 
∧
b 12 =
105
37
 f12+
105
1
[f2+ f3+f5+f16+f17+ f19+f30+f31+f33 ] +
105
2
[f2 6] -
105
1
[f1+f15+f29] 
 
∧
b 26 =
105
37
 f26+
105
1
[f2+ f3+f5+f16+f17+ f19+f30+f31+f33 ] +
105
2
[f12] -
105
1
[f1+f15+f29] 
 
∧
b 13 =
105
37
 f13+
105
1
[f3+ f4+f6+f17+f18+ f20+f31+f32+f34 ] +
105
2
[f2 7] -
105
1
[f2+f16+f30] 
 
∧
b 27 =
105
37
 f27+
105
1
[f3+ f4+f6+f17+f18+ f20+f31+f32+f34 ] +
105
2
[f13] -
105
1
[f2+f16+f30] 
 
∧
b 14 =
105
37
 f14+
105
1
[f4+ f5+f7+f18+f19+ f21+f32+f33+f35] +
105
2
[f28 ] -
105
1
[f3+f17+f31] 
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∧
b 28 =
105
37
 f2 8+
105
1
[f4+ f5+f7+f18+f19+ f21+f32+f33+f35] +
105
2
[f14 ] -
105
1
[f3+f17+f31] 
 
          In this way  estimate of all  the block effects are  derived .Here 
we observe that there are four types of variance exists for this design 
(discussed in 4.2.1).Let us estimate the  variance of various block effect 
contrasts .   
 
4.5 Variances for various block effect contrasts 
 
Estimate of  Variance of block effect contrasts  Var (
∧
b 1 -
∧
b 2 ) 
 
Let us consider blocks   b1 and b2  in which number of common 
treatments between them is one . Now the variance of the difference  of 
block effects  
∧
b 1 and  
∧
b 2 can be obtained as , 
 
Var(
∧
b 1 -
∧
b 2 ) = Var  { 
105
37
f1 +
105
1
[ f8 + f10 +f11 +f22 +f24 + f25 ] +
105
2
[ f15 +f29 ]  
          - 
105
1
 [f12 +f26 ] } – {  
105
37
 f2+
105
1
 [ f9 + f11 +f12 +f23 +f25 + f26 ] 
         +
105
2
[   f16+f30 ] - 
105
1
[f13 +f27 ]  }  
   
                              = 
105
37
 Var ( f1 - f2 )  +  { Terms not containing  f1 and f2  } 
 
                    Var(
∧
b 1 -
∧
b 2 ) = 
105
74
 σ 2 
   
        Here  , it can be     observed  that  for Example  4.2.1, this type of  
variance will occur   399   times . 
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Estimate of  Variance of block effect contrasts  Var (
∧
b 1 -
∧
b 8 ) . 
 
       Let b1  and  b8  denote those blocks  in which number of common 
treatments between them is two . Now the variance of the difference  of 
block effects  
∧
b 1 and  
∧
b 8   can be obtained as , 
  
Var (
∧
b 1 -
∧
b 8 ) = Var    { 
105
37
f1 +
105
1
[ f8 + f10 +f11 +f22 +f24 + f25 ] +
105
2
[ f15 +f29 ]  
                                  - 
105
1
 [f12 +f26 ] }-{ 
105
37
 f8 
                                  +
105
1
[f1+ f5+f6+f15+f19+  f20+f29+f33+f34] 
                             +
105
2
[f22] -
105
1
[f4+f18+f32 ] }  
 
       =    
105
36
  Var (f1- f11)  +  { Terms not containing  f1 and f11  } 
  
            Var (
∧
b 1 -
∧
b 8 ) =  
105
72
 σ 2 
 
 
In  Example 4.2.1  it can be observed that this type of variance  
occurs for  126 times .   
 
Estimate of  Variance of block effect contrasts  Var (
∧
b 1 -
∧
b 12 ) . 
 
          Let b1  and  b12  denote those blocks  in which number of 
common treatments between them is zero (no common treatment) . 
Now the variance of the difference  of block effects  
∧
b 1 and  
∧
b 12   can 
be obtained as , 
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Var (
∧
b 1 -
∧
b 12 ) = Var   {  
105
37
f1 +
105
1
[ f8 + f10 +f11 +f22 +f24 + f25 ] 
                             +
105
2
[ f15    +f29 ]    - 
105
1
 [f12 +f26 ] }- { 
105
37
 f12 
                                +
105
1
[f2+ f3+f5+f16+f17+ f19+f30+f31+f33 ] 
                                +
105
2
[f2 6] -
105
1
[f1+f15+f29] }  
 
                        =    
105
38
  Var (f1- f12 )  +  { Terms not containing  f1 and f12 } 
 
 
    Var (
∧
b 1 -
∧
b 12 ) =  
105
76
 σ2 
     
            In  Example 4.2.1  it can be observed that this type of variance  
occurs for  42 times .   
Estimate of  Variance of block effect contrasts  Var (
∧
b 1 -
∧
b 15 ) . 
 
          Let b1  and  b15 denote those blocks  in which number of common 
treatments between them is three . Now the variance of the difference  
of block effects  
∧
b 1 and  
∧
b 15   can be obtained as , 
 
Var (
∧
b 1 -
∧
b 15 ) = Var  { 
105
37
f1 +
105
1
[ f8 + f10 +f11 +f22 +f24 + f25 ] 
                             +
105
2
[ f15    +f29 ]    - 
105
1
 [f12 +f26 ] } – { 
105
37
 f15  
                                                    +
105
1
[ f8 + f10 +f11 +f22 +f24 + f25 ]+
105
2
[ f1 +f29 ] 
                                 -
105
1
[f12 +f26 ] }  
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                = 
105
35
 Var (f1- f15)  +  { Terms not containing  f1 and f12 } 
 
 
 Var (
∧
b 1 -
∧
b 15 ) = 
105
70
 σ 2 
 
 
           In  Example 4.2.1  it can be observed that this type of variance  
occurs for  28 times .   
 
 
        4.6 Multiplicity of variance of Elementary Block  effect Contrasts. 
                With k = 3, there are at the most 4 types of variances for the 
estimated elementary block contrast. Again the number of times a 
particular variance arises is determined from η ( bi ∩ bj ) . 
               Let m1, m2, m3 and m4 are the multiplicity of four types of 
variances for the estimated elementary block contrasts. Then for the 
class β of BIB design considered by us or for the class β of BIBD 
considered by Raghavarao et. al. (1986) have four types of variances 
corresponding  to their frequencies 3 or 2 or 1 or 0 respectively. Let us 
denote these multiplicities of variances by   m1 , m2 , m3 , and  m4 .  
              In the present investigation this class of BIB design are 
classified in the following three categories namely (i) BIB design where  
d  = v blocks repeated λ times  (ii) BIB design where d = b blocks are 
distinct and (iii) BIB design  where     Σ  di ( < b ) blocks are repeated. 
Case - I:    BIBD design where d ( =v ) blocks are   repeated λ 
times. 
            Let v' = b' = 4λ' + 3,  r' = k' = 2λ' + 1 and  λ' be the 
parameters of a BIB design. From this class of BIB design one can easily 
construct many other BIB designs having repeated blocks with 
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parameters v = v' =  4λ' + 3, b =  i (4λ' + 3),  r = i r', k = k', λ = iλ' , 
where i = 2,3,4,5. Again for this particular  BIB design , η( bi ∩ bj ) =3 
(as k = 3 ) or   (λ' v / b) . This shows that  any BIB design  having d ( = 
v) blocks repeated λ times,   will have two types of variances for the 
block contrasts. Now the multiplicities of the variances of block contrasts 
can be obtained from      m 1  =  v [ 1 + 2 + 3 + … + (  λ - 1) ] , 
                m 2 =  m 4 = 0 and  m 3 = ( bc 2 ) - m 1 . 
     For an example for β  ( 7, 35, 15, 3, 5 ) with d = 7 repeated blocks ,  
                  m 1 = 7[ 1 + 2 + 3 + 4 ] = 70. 
                 m 2 = 0 = m 4  and  m 3  = (35c 2 ) - 70 = 595 - 70 = 525. 
Which is shown in Table – 4.2. 
  Case - II : BIB design having d = b blocks 
               i. e. , all the b blocks are distinct. 
        For this class of β let us consider a BIB design with parameters v 
= v' =  4λ' + 3 ,  b =  i (4λ' + 3 ) ,  r = i r', k = k', λ = iλ' , where   i = 
2 , 3 , 4 , 5 .  Since  d = b , i. e., no blocks are repeated and hence let 
denote w j = 1( j = 1,2,…,b),  where w j represents how many time each 
block occur. Again for this particular BIB design , η ( bi ∩ bj ) = 0 or 1 or 
2 ( but not equal to 3 as d = b ,  
i. e. all blocks are distinct ) . Which shows that for this class of BIB 
Design,  there will always occur  three types of variances for block 
contrasts with multiplicities                                                                              
          m 1 =  d ( w j - 1) = 0  because all block are distinct and w j = 1 , 
          m 2  = 3 m 4  = 3 v [ 1 + 2 + …+ (λ - 1)] ,  
          m 3  = ( bc 2 
) - m 2 - m 4  and    m 4 =  v [ 1 + 2 + …+ (λ - 1)] . 
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      For an example, consider a BIB Design of class β  ( 7, 35, 15, 3, 5 ) 
where no blocks are repeated. In this design there will be three types of 
variances for block contrasts with multiplicities ,   
               m 1  =  0 ,  m 2  = 3  m 4  =  3 x 70  =  210,   
                         m 3 = 595 - 210 - 70  = 315  
                      and m 4 = 7[ 1  + 2 + 3 + 4 ] = 70.  
Which is shown in Table – 4.2  .  
Case - III : A   BIB design having  Σ d  j ( < b ) blocks  repeated. 
 For this class of β let us consider a BIB design with parameters v = v' =  
4λ' + 3,  b = i  (4λ' + 3),  r = i r', k = k', λ = iλ' , where i = 2,3,4,5 
where d = Σ d j ( < b ) blocks repeated w j times. Again for this class of 
BIB design η ( bi ∩ bj ) = 0 or 1 or 2 or 3 ( as Σ d  j  < b ). Which shows 
that for this class of BIBD there will be four types of variances always for 
the block contrasts with multiplicities  
                      m 1 =  Σ d  j  [ 1 + 2 + … + ( w j - 1 ) ], 
                   m 2 =   3 m 4  =  3 v [ 1 + 2 + …  + ((λ - 1)] , 
                   m 3  =  ( bc 2 
) - [ m 1 + m 2 + m 4 ]        and 
                      m 4  =  v [ 1 +2 + … +  (λ - 1)] - m 1 . 
    For an example , consider a BIB Design  of class β  ( 7, 35, 15, 3, 5 ) 
where seven blocks are repeated four times while the remaining seven 
blocks occur only once. This design is shown in Table – 4.2 as 14 ( i ).   
Here for design plan 14 ( i ) ,d 1 = 7, w 1 = 4  and  d 2 = 7,  w 2 = 1. 
Hence  multiplicities of the variances of block contrasts  for this design 
can be obtained from  
      m 1 = 7[ 1 + 2 + 3 ] + 7 [ 0 ] = 42,    m 2 = 3 m 4  = 3 x 28 = 84, 
     m 3 = 595 - [42+84+28 ] = 441 , m 4 = 7 [1+2+3+4]- 42 = 28. 
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 This multiplicities along with the variances are shown in Table – 4.2. 
 4.7 Comparison of Balanced Incomplete Block Design having 
repeated  blocks with parameters v = 7, b = 35, r = 15, k = 3  
and  λ = 5. 
                  Foody and  Hedayat  (1977) constructed a class of  BIB 
design  with repeated blocks  and called such a design as a class of BIB 
design ( 7, 14 , 6 , 3 , 2 ) . Next they compared the BIB design with 
repeated blocks  with usual BIB design without repeated blocks having 
the same parameters . In their case , the comparison was made on the 
basis of  number of  repeated blocks and their position . 
       While  Raghavarao et-al. (1986) developed a class of  BIBD ( 7,21, 
9,3,3 ) , where nine BIB designs  are of  repeated blocks . They made a 
comparison on the basis of  variances of  the block effect contrasts . 
Further it is also shown that  any other such BIB design must be  
isomorphic to one of the ten designs. 
           In this investigation we  have considered a class of BIB  design  
β ( 7, 35, 15, 3, 5 ), where thirty out of thirty one BIB designs are 
having repeated blocks given in Table-4.1. Further we have 
distinguished these designs on the basis of number of distinct blocks d, 
and the multiplicity of variance of block contrasts shown in Table –4.2. 
Further it is also found that any other such BIB design is isomorphic to 
one of the thirty  one  designs given in Table – 4.2. Here we have 
reported two  isomorphic plans for d = 14  while three isomorphic plans 
are found for a class of BIB design having d = 15, 17, 19, 20, and 23. 
                 From Table – 4.2, it is clear  as the value of d differs , the 
multiplicities of the repeated blocks also differ. For an example, design 
with d = 7 blocks repeated is having  equal multiplicities of repeated 
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blocks, that is, each of the seven blocks are repeated 5 times. However, 
all the designs have different multiplicities of repeated blocks.   
      For this class of BIB design   four types of variances  ( 70/105 ) σ2, 
(72/105 )σ2 , ( 74/105 ) σ2 and ( 76/105 ) σ2  of block contrasts are 
obtained with different number of repeated blocks. The multiplicity of 
occurrence of these variances are shown in Table – 4.2. 
               Further it is also found that as d differs, the variance of block 
contrast effect differ. Thus , the multiplicity of occurrence  of the four 
types of  variances may be used to distinguish among most member of 
the class. Here for d = 14(II) ,d = 18 and one of the solution for d = 19 
(I), the multiplicity of variances are equal. Again, for d = 19 (III) and 
one of the solution of d = 20(I) , the   multiplicity of variances are 
equal. Similarly for  d = 20 (III) and d = 21 , the frequency of variances 
are equal. Again for d = 25 and d = 26 , they have identical frequencies 
of variances. For d = 23 (I) and d = 23 (II) , the block composition are 
different , that is, they differ in number of distinct blocks d. However , 
multiplicity of occurrence  of variance  of the estimated elementary 
contrasts of the block effects are same. 
          It is also interesting to note that the frequencies of occurrence of 
variance of block contrast decreases almost as the number of repeated 
blocks increases in case of ( 70/105 ) σ2 , ( 74/105 )σ2 , where as 
multiplicity of occurrence of variance of  block contrast increases almost 
as the number  of  repeated  blocks  increases in case of ( 72/105  ) σ2  ,  
 ( 76/105) σ2  . 
      This is the clear indication that all class of BIB design in β ( 7, 35, 
15, 3, 5 )   differ to each other. The computation of the variance of the 
block contrasts corresponding  to their weights, an average variance for 
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distinct blocks , d , can be obtained separately for the same class of BIB 
design in    β  as  
  Average Variance = 
mmmm
mmmm
4321
2
4
2
3
2
2
2
1
)
105
76
()
105
74
()
105
72
()
105
70
(
+++
+++ σσσσ
                                
where, m i ( i =  1, 2, 3. 4 ) are the number of  block contrasts effect. 
            For an example, with d = 11, the average variance of the block 
effect contrasts of a BIB design with repeated block  is obtained from   
                   
     Average  Variance =
164774854
105
76
16
105
74
477
105
72
48
105
70
54
2222
+++






+





+





+




 σσσσ
                   
                                 =  0.70028 σ 2 . 
              It is to be noted that average variance of block effect contrasts 
of all the thirty one BIB designs of this class will remain same even 
though the individual variance of block effect contrasts differs .                       
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TABLE – 4.1 
         
         Value of   Wj   for all possible values of  ‘d’ in the class β ( 7 ,  35  , 15 ,  3  , 5 ) 
 
Number  of  Distinct  blocks  ‘d' 
7 11 13 1 4 15      17 18 19   20   21 22   23   24 25 26 27 28 29 31 35 Block 
Composition    i ii i ii iii i ii iii  i ii iii i ii iii   i ii iii         
123 - - - - - 1 4 3 3 1 1 - 4 3 2 1 2 1 3 1 2 2 2 2 - 2 1 1 1 1 1 
124 - 5 4 1 3 - 1 - 1 3 3 1 - - - 3 2 2 1 1 1 1 2 2 2 1 2 1 2 1 1 
125 - - - - - 1 - - - - - 3 - - - - - - - - - 1 - - - 1 - - 1 1 1 
126 5 - - 4 2 - - 2 1 1 1 1 1 2 1 1 1 2 1 3 2 - 1 1 2 - 1 2 - 1 1 
127 - - 1 - - 3 - - - - - - - - 2 - - - - - - 1 - - 1 1 1 1 1 1 1 
134 5 - - 4 2 - - - - 1 - 1 - - 2 1 1 - 1 1 1 - 1 1 2 - 1 1 - 1 1 
135 - - - - - - - 2 1 - 1 1 1 2 1 - - 2 - 2 1 - - - 2 1 1 1 1 1 1 
136 - 1 1 - - 4 - - - - - - - - - 1 1 1 - 1 - 3 1 1 - 2 1 1 2 2 1 
137 - 4 4 1 3 - 1 - 1 3 3 3 - - - 2 1 1 1 - 1 - 1 1 1 - 1 1 1 - 1 
145 - - 1 - - 4 - - - - - - 1 1 - - - - - - 1 2 - 1 - 2 1 1 1 1 1 
146 - - - - - - - - - - - 3 - - - - - - - - - - - - - 1 1 - 1 1 1 
147 - - - - - 1 4 5 4 1 2 - 4 4 3 1 2 3 3 3 2 2 2 1 1 1 - 2 1 1 1 
156 - 4 4 1 3 - 5 3 4 4 4 - 3 2 4 3 3 2 4 1 2 1 3 2 2 - 1 2 1 - 1 
157 5 1 - 4 2 - - - - 1 - 1 - - - 2 2 1 1 2 1 1 2 2 1 1 2 1 1 2 1 
167 - - - - - 1 - - - - - 1 1 1 - - - - - - 1 1 - 1 1 2 1 - 1 1 1 
234 - - - - - - - 2 1 - 1 3 1 2 1 - - 2 - 2 1 - - - 1 1 - 1 1 1 1 
235 - 5 5 1 3 3 1 - 1 3 3 - - - - 3 2 2 1 1 1 2 2 2 1 1 2 2 2 1 1 
236 - - - - - - - -  - - - - - 2 - - - - - - - - - 1 1 1 - 1 1 1 
237 5 - - 4 2 1 - - - 1 - 2 - - - 1 1 - 1 1 1 1 1 1 2 - 1 1 - 1 1 
245 5 - - 4 2 - 1 1 - 2 - 1 1 1 3 2 3 - 2 1 1 1 1 2 2 - 2 1 - 1 1 
246 - - 1 - - 5 3 2 3 - 1 - 3 2 1 - - 1 2 1 2 3 2 1 - 2 1 2 1 1 1 
247 - - - - - - - - - - - - - - - - - - - - - - - - - 1 - - 1 1 1 
256 - - - - - - - - - - - 1 - - - - - - - - - - - - 1 1 - - 1 1 1 
257 - - - - - 1 3 4 4 - 2 - 4 4 2 - - 3 2 3 3 1 2 1 1 2 1 2 1 1 1 
267 - 5 4 1 3 - 2 1 1 4 3 3 1 1 1 4 4 2 2 1 1 2 2 3 1 1 2 1 2 1 1 
345 - - - - - 1 3 2 3 - 1 - 2 1 1 - - 1 2 1 1 1 2 - - 1 - 1 1 1 1 
346 - 4 4 1 3 - 2 1 1 4 3 1 1 1 1 3 3 1 2 - 1 1 1 2 2 - 1 1 1 - 1 
347 - 1 1 - - 4 - - - - - - 1 1 - 1 1 1 - 1 1 3 1 2 - 3 3 1 2 2 1 
356 5 - - 4 2 1 - - - 1 - 4 1 1 - 1 1 - 1 1 2 1 1 2 1 1 2 1 - 1 1 
357 - - - - - - 1 1 - 1 - - 1 1 3 1 2 - 1 - - 1 - 1 1 1 - - 1 1 1 
367 - - - - - - 3 4 4 - 2 - 3 3 2 - - 3 2 3 2 - 2 - 1 1 - 2 1 1 1 
456 - 1 - - - - - 2 1 - 1 - 1 2 1 1 1 3 - 3 1 1 1 1 1 2 1 1 2 2 1 
457 - 4 4 1 3 - 1 - 1 3 3 4 - - - 2 1 1 1 - 1 - 1 1 2 - 1 1 1 - 1 
467 5 - - 4 2 - - - - 1 - 1 - - 2 1 1 - 1 1 1 - 1 1 2 - 1 1 - 1 1 
567 - - 1 - - 4 - - - - - - - - - - - - - - - 2 - - - 1 1 1 1 1 1 
 
                        value Wj  = 0  is  indicated by – (dash/blank ) 
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                                         TABLE – 4.2 
     Multiplicity  of  occurrence of  variance of  the estimated    elementary 
                                      contrast  of    block   effects 
 
 
   No. of 
 
     Variances 
distinct 
 blocks ‘d’ 
 
 






105
70  σ2 * (3)  
 






105
72  σ2* (2)    
 






105
74  σ2* (1)   
 






105
76  σ2 * (0) 
7 70 00 525 00 
11 54 48 477 16 
13 46 72 453 24 
14 (I) 42 84 441 28 
14 (II) 28 126 399 42 
15 (I) 40 90 435 30 
15 (II) 36 102 423 34 
15 (III) 34 108 417 36 
17 (I) 33 111 414 37 
17 (II) 31 117 408 39 
17 (III) 27 129 396 43 
18 28 126 399 42 
19 (I) 28 126 399 42 
19 (II) 24 138 387 46 
19 (III) 22 144 381 48 
20 (I) 22 144 381 48 
20 (II) 21 147 378 49 
20 (III) 19 153 372 51 
21 19 153 372 51 
22 18 156 369 52 
23 (I) 16 162 363 54 
23 (II) 16 162 363 54 
23 (III) 13 171 354 57 
24 12 174 351 58 
25 10 180 345 60 
26 10 180 345 60 
27 09 183 342 61 
28 07 189 336 63 
29 06 192 333 64 
31 04 198 327 66 
35 00 210 315 70 
         The number written in bracket ( ) indicates the value of  η ( bi ∩ bj  ) 
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  Chapter   5 
 
 
Construction of  Group Divisible Designs 
 
5.1 Introduction 
 
Incomplete block designs have become highly developed  as statistical 
tools for  the planning , analysis ,and interpretation  of  scientific  
experimentation  conducted in laboratories  and  test  installations  
where a high degree of experimental  control is desirable . Historically  
the statistical use of such designs  began with the  balanced  incomplete 
block designs introduced by Yates (1936) and developed by Fisher and 
Yates (1938) , Bose  (1939)  extensively tabled in  Fisher and Yates  
(1963) and Cochran and Cox (1957) along with the lattice designs of 
Yates ( 1936,40). All of which were developed for  use in agricultural  
and biological experiments .Bose and Nair (1939) developed and 
introduced a general class of  Incomplete Block Designs which they 
called  Partially Balanced Incomplete Block Designs . 
        In the United States and England during the  period of  World War 
II, a   strong interest was developed  in industry and Government  to 
adapt the developments in probability and small sample theory to the 
control of  quality of production .It was  extended  after  the war  to the  
introduction of  statistical procedures to the experimental problems  of 
the physical and engineering sciences . This effort  has been particularly 
significant  in the vast  and expensive  investigative  activity associated 
with atomic power and aerospace developments .  
Today there is intense  interest in  current  developments in probability 
and statistics  for possible application to  research and development  in 
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all branches of science , engineering , health and medical research, 
business  and in fact, in any area where decisions need to be made on 
the  basis of incomplete information . Thus the Incomplete Block Designs 
have potential for application to many fields of investigation . 
       In  1952   Bose and Shrikhande, Connor , Shimamoto, Clatworthy  
at the University of  North Carolina, had sufficiently extended and 
developed the Partially Balanced Incomplete Block Designs with two 
associate class. Bose, Clatworthy and  and Shrikhande (1954) have 
discussed about the concept of  Partially Balanced Incomplete Block 
Designs with two associate class, soon after Bose and Shimamoto 
(1952) have developed the concept of  association schemes, on which 
the classification of  PBIB designs  is based . 
        In the present investigation , some methods have been developed 
by using Hadamard Matrix, Mutually Orthogonal Latin Square and 
combining two PBIB design for constructing Cyclic design, and Group 
Divisible designs with repeated blocks. However designs obtained here 
are known , but some of the Group Divisible designs are having new 
isomorphic solutions than listed in Clatworthy (1973). 
        In Section 5.2 , Definitions of PBIB design , Group Divisible design 
and various notations and  terminologies used are discussed.Section 5.3,  
method of construction of Group Divisible design is discussed. In Section 
5.4 , method of construction of Symmetrical Balanced Incomplete Block  
design is discussed. A List of  parameters of incomplete block design is 
given in Appendix V.In Section 5.5 , using Hadamard Matrix  a series of 
SRG designs  is obtained . In Section 5.6 , Again using  Mutually 
Orthogonal Latin Square another series  of  SRGD designs is obtained . 
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In Section 5.7 , using  Mutually Orthogonal Latin Square  series  of  
Cyclic designs are obtained. 
5.2 Definition – Partially balanced Incomplete Block Design 
with two associate Classes 
 An incomplete Block Design is said to be  partially balanced with  two 
associate  class if it satisfying the following conditions.  
            i. The experimental unit is divided into  b blocks of  k (k<v) units 
each, different treatments applied to the  units in the same block. 
ii. v treatments each of which occurs in r blocks . 
iii. There is a relation  of association between any two treatments 
satisfying the following three requirements.  
1. Two treatments are either first associate or second associates. 
  2.  Each treatment has exactly ni   i
th associates ( i=1,2 ) . 
  3.  Given any two treatments which are ith associates ,the number  
       of treatments common to the  jth  associate of the first and kth 
associate of the second is  p
i
jk and is independent of the pair of 
the treatments . Also  p
i
jk = p
i
kj   ( i,j,k =1,2 ) . 
  4. Two treatments which are ith   associates occur together in   
exactly  λi  (i= 1,2 ) blocks .  
The numbers  v , b , r , k , λ1 , λ2 , n1  and  n2  are called the parameters 
of  the first kind , whereas the  p
i
jk ( i,j,k =1,2 ) are called the 
parameters of second kind .The association scheme depends only on the 
parameters  n1  ,  n2  and p
i
jk ( i,j,k =1,2 ) . 
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The following relations hold good between the parameters. 
     (a)                    vr =bk 
     (b)       n1  +  n2  = v – 1 
     (c)       n1λ1 +  n2 λ2 = r (k-1) 
     (d)                   pp
1
12
1
11
+ = n1 - 1   
     (e)                   pp
1
22
1
21
+ = n2 
     (f)                    pp
2
12
2
11
+ = n1   
     (g)                   pp
2
22
2
21
+ = n2 -1 
     (h)                   n1 p
1
12 = n2 p
2
11   
     (i)                    n1 p
1
22 = n2 p
2
12   
and the elements of  two symmetric matrices p
i
jk  of the second kind 
are given by   
 
            





=
pp
pp
P 1
22
1
21
1
12
1
11
1    ,   





=
pp
pp
P 2
22
2
21
2
12
2
11
2  
                    
 
PBIB designs again classified into following five categories. 
 
I. Group Divisible Design  
II. Simple PBIB Design  
III. Triangular Type PBIB Design 
IV. Latin Square Type PBIB Design  
V. Cyclic Type PBIB Design 
              Among the five categories , the  largest,simplest  and  most 
important class of  PBIB designs is known as group divisible design. A  
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group divisible design is a PBIB design for which the treatments is 
divided into m groups of  n distinct  treatments each , such that ,  
1. Treatments that belongs to the same group are first 
associates . 
2. Two treatments that belongs to different groups are second 
associates . 
           The association scheme is given by arranging the treatment  in a 
rectangular array of  m  rows and  n columns, where each row of n 
treatments  gives a group. 
                        for Group Divisible design it is obvious that 
                            v = mn , n1= n-1 , n2 = n(m-1) 
                           and     n1λ1 +  n2 λ2 = r (k-1)  
                      hence  (n-1) λ1 + n(m-1) λ2 = r (k-1)  
              The secondary parameters are given by   
 
          p jk
1
= 





−
−
)1(0
02
mn
n
 ,  p jk
2
= 





−−
−
)2(1
10
mnn
n
 
 
For any Group Divisible design  λ2 >0  is a necessary condition . 
Property : Bose and  Connor  have  studied the  combinatorial property 
of  group divisible designs , and classified into sub types  depending on 
the values of eigenvalues of  NN’  assumed by the quantities . 
                        Q = r - λ1  and  P = rk – v λ2   
Considered a  v × b incidence matrix  N = (nij) ,determinant of the 
matrix  NN' is given by  
            |NN'| = rk ( rk- v λ2  )
m-1 ( r - λ1 )
m(n-1) 
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Again Group Divisible design classified into Three Types  ,depend on the 
expression of  NN' . 
                       1. Singular   if  r = λ1     
                       2. Non –singular r > λ1    
                          (2.1) Semi-regular if  rk = v λ2   
                          (2.2) Regular if rk > v λ2    
More important results due  to  Bose and Connor (1952) 
(1) The necessary and sufficient condition for PBIB design to be a 
Group  Divisible design is that  p
1
12 = 0 or  p
2
12 = 0 . 
(2) For a  SRG design  b ≥  v-m+1  
(3) For a SRG design it is necessary that  λ2  > λ1   
Definition :- Cyclic Designs  
Let the treatment be desesigneted by the integers  1,2, … v . Let the 
first  associates of  treatment l is given by  
           l + d1 , l + d2 , …., l + d n1  (mod v)  
provided the d’s  satisfy the following conditions . 
(1) The d’s are  all different  and  0 < dj < v , j = 1,2 ,.. n1 
(2)  Among the  n1 (n1-1) differences  dj - dj'  ( j, j' = 1,2,…n1 : j ≠ j' ) 
reduced mod v , each of the numbers d1 ,d2, … dn1, occurs  α  times 
whereas each of the numbers e1, e2, … en2  occurs β times,(α ≠ 
β),where α denotes number of times a treatments say l occurs with first 
associates and β denotes number of  times say l' occurs with second 
associates, and where   
          d1 ,d2, … dn1 , e1, e2, … en2   
are the numbers 1,2,… v . Such  an association scheme is called Cyclic.   
      A PBIB design whose association scheme is cyclic is called  a Cyclic 
Design. 
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For a cyclic design it is necessary that  
             n1 α + n2 β  = n1 (n1-1)  
The parameters of second kind are determined by  α,β , where α ≠ β ,             
n1  and   n2  and is given by  
           





++−
−−
=
1
1
12
1
1
α
αα
nn
n
P  , 





−+−
−
=
112
1
2
β
ββ
nn
n
P  
5.3. Construction of Group Divisible Designs 
Balanced Incomplete Design or Group Divisible Design can easily be 
constructed  by using Hadamard Matrix in the following Theorem. 
Theorem 5.3.1If Hadamard Matrix , of order n* which is multiple of 4, 
exist then a GD design with parameters . 
        v= 2 ( n*-1 ) , b= (n*-1) , r= n*/2 , k= n* , λ1=n*/2,λ2 = n*/4, 
        n=2 , m= n*-1  always exist. 
Proof:- Let us consider a Hadamard Matrix of  order n* delete first row 
and first column of the matrix and called this matrix as A, with  
dimension  
(n*-1) х (n*-1). Change ‘+1’ element of this matrix by ’ 0 ‘and ‘–1’ 
element by ‘1’ respectively. This gives another matrix and called this 
matrix as N* of same dimension (n*-1) х (n*-1)  
             N* matrix is of same dimension (n*-1) х (n*-1) , since 
incidence matrix N is defined as  
                                 





=
N
N
N
*
*
 
 So considering column as a block and row as a treatment one can get  
2(n*-1) as treatment and number of block as (n*-1) ,while changing ‘–1’ 
as ‘1’ ,one can find that every row has n times ‘1’, so r =n*/2. 
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       Similarly ,each column of N* has n* times ‘1’ , so k=n* , and the 
secondary parameters are obvious. 
                     λ1= n*/2, λ2 = n*/4,  n=2 , m= n*-1   
Example – 5.3.1 Consider a Hadamard Matrix of order n  which is given 
by  
                               












−−
−−
−−
=
1111
1111
1111
1111
4H
  
Now delete first row and first column we have  matrix A is of the form 
 
 
   










−−
−−
−−
=
111
111
111
A        and  N* is given by   










=
011
110
101
*
N     
 
 
Hence , using  Theorem -5.3.1 , we have  
 
 
          1  0   1                                         1  2  1  
          0  1   1                                            3  3  2   [ SGD-1] 
  N=   1   1   0    and the design plan  D1 =   4  5  4  
 1   0   1                                            6  6  5 
          0  1   1 
          1  1   0     
 
 
parameters of the design plan D1 are  
 
          v= 6 ,  r= 2 , k= 4 , b= 3 ,  m= 3 , n= 2 , λ1= 2 , λ2= 1 . 
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Example – 5.3.2 Duplicate the plan D1 we have SGD design with 
parameters:  
 v = 6 , r = 4 , k = 4 , b = 6 , m = 3 , n = 2 , λ1 = 4 , λ2 = 2  
                                         Plan-D2 
 
           1   2   1   1   2   1         
   3   3   2   3   3   2   [SGD-2] 
                                 4   5   4   4   5   4 
              6   6   5    6   6  5    
       
 
Example – 5.3.3 Repeating  the design plan D1 three times, we have 
SGD design with parameters:     
            v = 6 , r = 6 , k = 4 , b = 9 , m = 3 , n = 2 , λ1 = 6 , λ2 = 3  
 
  Plan–D3 
 
                         1  2  1  1  2  1  1  2  1                
                         3  3  2  3  3  2  3  3  2       [SGD-3] 
                         4  5  4  4  5  4  4  5  4                                                                                       
                         6  6  5  6  6  5  6  6  5       
 
Example – 5.3.4 Duplicating  the  plan D2   we have SGD design with 
parameters: 
           v = 6 , r = 8 , k = 4 , b = 12 , m = 3 , n = 2 , λ1 = 8 , λ2 = 4 
   
                                            Plan-D4 
                                 
                      1   2   1   1   2   1   1   2   1   1   2   1         
                      3   3   2   3   3   2   3   3   2   3   3   2        
                      4   5   4   4   5   4   4   5   4   4   5   4     [SGD –4]                         
                      6   6   5    6   6  5   6   6   5    6   6  5       
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Example – 5.3.5 Repeating the  design plan D1  five times We have 
SGD design with parameters: 
        v = 6 , r = 10 , k = 4 , b = 15 , m = 3 , n = 2 , λ1 = 10 , λ2 = 5 
                                                               Plan-D5 
                                        
                    1   2   1   1   2   1   1   2   1   1   2   1   1   2   1                                       
              3   3   2   3   3   2   3   3   2   3   3   2   3   3   2 
              4   5   4   4   5   4   4   5   4   4   5   4   4   5   4    [SGD –5]        
              6   6   5    6   6  5   6   6   5    6   6  5   6   6   5 
 
Remark:-1 Design obtained here are known and listed in the Clatworthy  
Table (1973). 
Remark:-2  We can also find a series of Symmetrical BIB design using 
                      Hadamard Matrix shown in theorem 5.4. 
Theorem 5.4.1 If Hadamard Matrix of order n* which is multiple of 4, 
exists then We have a series of symmetrical  BIB design with parameters 
:   
                     v=   ( n*-1 ) = b , r= n*/2 = k , λ= n*/4    
Proof:- Let us consider a Hadamard Matrix of  order n* delete first row 
and first column of the matrix and called this matrix as A,with dimension  
(n*-1) х (n*-1), change ‘+1’ element of this matrix by ‘0’ and ‘–1’ 
element by ‘1’ respectively. This gives another matrix and called this 
matrix as N* of same dimension (n*-1) х (n*-1)  
             N* matrix is of same dimension (n*-1) х (n*-1) , since 
incidence matrix N is written as  
                                  N =[ N*]  
It can be seen that N* is a incidence matrix of symmetrical BIB design  
as   it   satisfied       
                             NN'  = (r-λ) Iv  +  λ Evv  
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Example – 5.4.1 Consider a Hadamard Matrix of order n*=8  which is 
given by  
                  
























−−
−−
−−
−−−−
−−
−−
−−
−−
−−
−−
−−
−−
−−
=
1111
1111
1111
1111
1111
1111
1111
1111
1111
1111
1111
1111
1111
1111
1111
1111
8H  
Now delete first row and first column we have  matrix A is of the form 
                                                      
                         -1     1   -1    1  -1    1   -1 
               1   -1   -1    1    1   -1   -1  
              -1   -1    1    1   -1   -1    1   
                        A =       1    1    1   -1   -1   -1   -1  
             -1    1   -1   -1    1   -1    1 
              1   -1   -1   -1   -1    1    1 
             -1   -1    1   -1    1    1   -1 
 
change '+1’ element of this matrix by ‘0’ and ‘–1’ element by ‘1’ 
respectively . Hence , N* , incidence matrix  is defined  by   
                                 
                                         1  0   1   0  1   0  1 
                             0  1   1   0  0   1  1 
                1  1   0   0  1   1  0 
                              N* =     0  0  0   1  1   1  1           
                1  0  1   1   0   1  0 
                0  1  1   1   1   0  0 
                                                   1  1   0   1   0   0  1 
 
  Hence , using Theorem - 5.4.1 , we have  
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                       1  0   1   0  1   0  1 
                             0  1   1   0  0   1  1 
                1  1   0   0  1   1  0 
                              N  =      0  0  0   1  1   1  1           
                1  0  1   1   0   1  0 
                0  1  1   1   1   0  0 
                                                   1  1   0   1   0   0  1 
 
 and  this  design  plan  is  given  by  
                     Plan 
                                          1   2   1    4    1    2    1 
                                          3   3   2    5    3    3    2   
                                          5   6   5    6    4    4    4     
                                          7   7   6    7    6    5    7 
 
Which is a symmetric BIB design with parameters: 
              v = b = 7 , r = k= 4, λ = 2 
Remark:-  BIB designs found here are not a new designs as it is 
already exist . Some more symmetric BIB design using above method 
are listed in Appendix -V.                
5.5.  Construction of  Semi-Regular Group Divisible Designs 
using Hadamard Matrix. 
Group Divisible Design can easily be constructed by using Hadamard 
matrix in the following method . 
Method:-5.5.1 If Hadamard matrix of order n*=2, exist then a GD 
design with parameters :  v= b = 2n* , r = k = n*  , m = n* , n= n* , 
 λ1 = 0 , λ2 = n*-1 , always  exists . 
Proof :- Let  us consider a Hadamard matrix of order n*=2 ,which is 
given by  
                                     





−
=
11
11
2H   
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Let replace ‘-1’ by zero and call H2 as  an incidence matrix  N and then 
defined  incidence matrix N* as given by   
                       
                                   N* = 





NN
NN
c
c
 
         
       Consider column as a block and row as a treatment .Then 
treatment and block of the given plan becomes 2n* respectively. Here 
one can find that every row and column has n* times ‘1’ , so  r = n* and 
k = n* respectively. other secondary parameters are   
                        m= n* , n= n* , λ1 = 0 , λ2 = n*-1 . 
 
Example:-5.5.1 Let  us consider a Hadamard matrix of order n*=2,  
which is given by  
                                





−
=
11
11
2H     
       Replace  ‘-1’ by ‘0’ , we get 
             
              





=
01
11
N   and   Nc  is given by  





=
10
00
N
c  
 
Using Method 5.4.1 , an  Incidence matrix N* is given by  
                       
                               N* = 





NN
NN
c
c
 
 
                    
                           N* = 












01
11
10
00
10
00
01
11
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                                                             Plan  
                                                       1  1   3   2  
and  design plan D  is given by   D =   2  4   4   3 [SR-1] 
 
Which is a SRGD  design with parameters: v= b=4 , r=k=2 , m= 2 , n= 
2 , λ1 = 0 , λ2 = 1 
Example:-5.5.2 Duplicating  the  Design Plan SR-1 
We get another  SR-2  design with parameters: 
 v=4 , b=8 , r=4 ,  k=2 , m= 2  , n= 2 , λ1 = 0 , λ2 = 2 
 
                                                    Plan  
                                          1  1  3  2  1  1  3  2 
                                          2  4  4  3  2  4  4  3    [SR-2] 
 
Example:-5.5.3 Repeating  the   Design  Plan SR-1  three  times 
We obtain  SR-3  design  with parameters : 
              v=4 , b=12 , r=6 ,  k=2 , m= 2  , n= 2 , λ1 = 0 , λ2 = 3 
                                                      Plan 
                             1  1   3   2  1  1   3   2   1  1   3   2    
                             2  4   4   3  2  4   4   3   2  4   4   3     [SR-3]   
 
Example:-5.5.4 Repeating  the   Design Plan  SR-1  four  times 
We  obtain  SR-4  design  with parameters : 
        v=4 , b=16 , r=8 ,  k=2 , m= 2  , n= 2 , λ1 = 0 , λ2 = 4 
 
                                          Plan 
                      1  1   3   2  1  1   3   2   1  1   3   2   1   1   3   2   
          2  4   4   3  2  4   4   3   2  4   4   3   2   4   4   3    [SR-4]   
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Example:-5.5.5  Repeating  the   Design Plan SR-1  Five  Times 
We obtain SR-5 design  with parameters : 
     v=4 , b=20, r=10 ,  k=2 , m= 2  , n= 2 , λ1 = 0 , λ2 = 5 
 
                                                          Plan 
              
          1  1  3  2  1  1  3  2  1  1  3  2  1  1  3  2  1  1  3  2 
          2  4  4  3  2  4  4  3  2  4  4  3  2  4  4  3  2  4  4  3   [SR-5]   
 
 
Remark:- All these designs are listed in Clatworthy (1973) . 
 
Example:-5.5.6 Let  us consider a Hadamard matrix of order n*=4,  
which is given by  
                          
                          












−−−
−
−
−
=
1111
1111
1111
1111
4H  
 
  
 Replace  ‘-1’ by ‘0’ , we get 
 
                       












=
0001
1101
1011
0111
N  
         
  An Incidence matrix N* is defined as  
                                       
                                 N* = 





NN
NN
c
c
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             N* = 
























0001
1101
1011
0111
1110
0010
0100
1000
1110
0010
0100
1000
0001
1101
1011
0111
 
 
        Which is a SR-36 with  parameters: 
        v=8 , b=8, r=4 ,  k=4 , m= 4  , n= 2 , λ1 = 0 , λ2 = 2 
           Plan 
 
                     1   1   1   2   5   3   2   1 
   2   2   3   3   6   4   4   4    [SR-36] 
   3   7   6   5   7   5   5   6 
   4   8   8   8   8   6   7   7   
 
Remark:- Above design is known , similarly  SR-92 can be obtained by 
using Hadamard matrix of order n*=8. 
 
5.6  Construction of  Incomplete Block Design using   Mutually 
Orthogonal Latin Square. 
Method:-5.6.1 Consider a  MOLS  of size  s , where s is a  prime number 
. The treatment number of  MOLS  are , 
                                1,2, …s.  
         Now change each row of even number ‘0’ and odd number by ‘1’ 
of the given MOLS . Consider this as an incidence matrix  N. Let  0  be a 
vector of order s×1 , and 1 is a vector of  order s×1 , then an incidence 
matrix  N*  defined  by  
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                            





=
×
×
1
0
1
1*
s
c
s
N
N
N    
              gives a Semi- Regular  Group Divisible Design  with 
parameters:  
      v = 2s, b = s+1, r = s-1 ,  k= s , m= 3  , n = 2 , λ1 = 0 , λ2 = s-2  
Example:-5.6.1 Let us consider a  Mutually Orthogonal Latin Square of  
size  s =3 which  is given by 
                                     S = 










213
132
321
   
 now change even number by  ‘0’ and odd number by ‘1’ , and using 
above   Method  5.6.1 , we have   
                 
                                      N= 










011
110
101
 
Again  N*  is given by  
 
                       N*=    
1100
1001
1010
0011
0110
0101
 
 
 Considering  column as a  block and  row as a treatment , we have  
 a   Semi Regular Group Divisible Design , with  parameters: 
 
 v = 6, b = 4, r = 2 ,  k= 3 , m= 3  , n = 2 , λ1 = 0 , λ2 = 1 
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                                                     Plan  
                                         1   2   1   4 
            3   3   2   5    [SR-18] 
                                            5   4   6   6   
 
Example:-5.6.2 Duplicating the SR-18, we get plan –I, of SR-19   
similarly if we juxtapositining SR-18 with its complementary, we get Plan 
II  of  SR-19   with parameters:   
        v = 6, b = 8, r = 4 ,  k= 3 , m= 3  , n = 2 , λ1 = 0 , λ2 = 2 
  
                  Plan-I                                         Plan-II                
 
         1  2  1  4  1  2  1  4                      1  2  1  4  2  1  3  1     
         3  3  2  5  3  3  2  5     [SR-19]    3  3  2  5  4  5  4  2    
         5  4  6  6  5  4  6  6                     5  4  6  6  6  6  5  3 
 
Example:-5.6.3 Considering the plan-II  of SR-19 and add SR-18 ,we 
have the design plan of  SR-20  with  parameters: 
         v = 6, b = 12, r = 6 ,  k= 3 , m= 3  , n = 2 , λ1 = 0 , λ2 = 3 
          Plan 
                          
                1  2  1  4  2  1  3  1  1   2   1   4 
                3  3  2  5  4  5  4  2  3   3   2   5    [SR-20] 
                5  4  6  6  6  6  5  3  5   4   6   6 
 
Remark:-  Designs derived here are known . 
Example:-5.6.4 Considering the plan-II of SR-19 and add SR-18 two 
times , we have the design plan SR-21  having parameters: 
         v = 6, b = 16, r = 8 ,  k= 3 , m= 3  , n = 2 , λ1 = 0 , λ2 = 4 
   Plan 
                  1  2  1  4  2  1  3  1  1  2  1  4  1  2  1  4 
                  3  3  2  5  4  5  4  2  3  3  2  5  3  3  2  5    [SR-21] 
          5  4  6  6  6  6  5  3  5  4  6  6  5  4  6  6 
 
Remark :- In Clatworthy Table  two solutions are given so this plan 
may be considered as  new solution. 
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Example:-5.6.5 Considering the plan-II of SR-19 twice and add SR-18 ,  
we have the design plan SR-22 having parameters: 
         v = 6, b = 20, r = 10 ,  k= 3 , m= 3  , n = 2 , λ1 = 0 , λ2 = 5 
   Plan 
      
          1  2  1  4  2  1  3  1  1  2  1  4  2  1  3  1  1  2  1  4 
          3  3  2  5  4  5  4  2  3  3  2  5  4  5  4  2  3  3  2  5   [SR-22] 
  5  4  6  6  6  6  5  3  5  4  6  6  6  6  5  3  5  4  6  6   
 
 
Remark :- In Clatworthy Table  two solutions are given so this plan 
may be considered as  new solution. 
5.7 Construction of Incomplete Block Design using  MOLS to obtain 
Cyclic Design. 
 
Method:-5.7.1 Consider a  MOLS  of size  s , where s is a  prime number 
. The treatment number of  MOLS  are , 
                              1,2, …s.  
         Now change each row of even number ‘0’ and odd number by ‘1’ 
of the given MOLS . Consider this as an incidence matrix  N. matrix  N*  
defined  by  
                 give an incomplete block design with parameters: 
     
   v =  b = s , r = k=
2
1+s
 , n1 = n2 =  
2
1−s
 , λ1 = 
2
1−s
  , λ2 =  
2
3−s
  
 
Example:-5.7.1 Let us Consider a  MOLS  of size  s = 5 , where s is a  
prime number, This MOLS written with numbers , which is given by  
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















=
23154
34215
12543
51432
45321
s
  
 
        Now  change this  MOLS  in to matrix  form by changing even 
number as ‘0’ and odd number as ‘1’ . Then we get an incidence matrix 
N of  an incomplete block design . 
   N is given by  
                                
                                  
















=
01110
10011
10101
11010
01101
*N
 
                            
       Considering column as a block  and  row as a treatment , we have 
a Cyclic design   C-12  with parameters:  
                 v =  b = 5 , r = k= 3 , n1 = n2 =  2 , λ1 = 2  , λ2 =  1.    
 
                                                      Plan 
 
                       1  2   1   1   2 
                       3  4   3   2   3   [C-12] 
                       4  5   5   5   4   
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Example:-5.7.2  Duplicating  the design plan of C-12 .We have a Cyclic 
design C-13  with parameters:  
         v = 5 , b = 10 , r = 6,  k= 3 , n1 =2,  n2 =  2 , λ1 = 4  , λ2 = 2 
 
                                                Plan 
 
                               1   2   1   1   2   1   2   1   1   2   
          3   4   3   2   3   3   4   3   2   3   [C-13] 
           4  5   5   5   4   4   5   5   5   4 
 
Example:-5.7.3  Repeating the design plan of C-12 three times .We 
have a Cyclic design  C-14  with parameters:  
         v = 5 , b = 15 , r = 9,  k= 3 , n1 =2,  n2 =  2 , λ1 = 6  , λ2 = 3 
 
                                           Plan 
 
               1   2   1   1   2   1   2   1   1   2   1   2   1   1   2 
              3   4   3   2   3   3   4   3   2   3   3   4   3   2   3   [C-14] 
    4   5   5   5   4   4   5   5   5   4   4   5   5   5   4  
 
 
Remark:- However the designs  are listed  in  Clatworthy (1973) . 
 
  
         
 
                                         ********** 
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